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Systems.
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UNIT-1
PARTIAL DIFFERENTIAL EQUATIONS

This unit covers topics that explain the formation of partial differential equations
and the solutions of special types of partial differential equations.

INTRODUCTION

A partial differential equation is one which involves one or more partial
derivatives. The order of the highest derivative is called the order of the equation. A
partial differential equation contains more than one independent variable. But, here we
shall consider partial differential equations involving one dependent variable ,,z*“ and only
two independent variables x and y so that z = f(x,y). We shall denote

0z 0z 0%z 0%z 0%z

A partial differential equation is linear if it is of the first degree in the dependent
variable and its partial derivatives. If each term of such an equation contains either the
dependent variable or one of its derivatives, the equation is said to be homogeneous,
otherwise it is non homogeneous.

Formation of Partial Differential Equations

Partial differential equations can be obtained by the elimination of arbitrary constants or
by the elimination of arbitrary functions.

By the elimination of arbitrary constants
Let us consider the function

d(x,y,z,ab ) = 0--m-mmmmmmme- (1)

where a & b are arbitrary constants
Differentiating equation (1) partially w.r.t x & y, we get

od od
+ p—— =0 )

ox oz

ol o
— +q— =0 3)

oy oz

Eliminating a and b from equations (1), (2) and (3), we get a partial differential
equation of the first order of the form f (x,y,z, p,q) = 0



Example 1
Eliminate the arbitrary constants a & b from z = ax + by + ab

Consider z = ax+by +ab 1)

Differentiating (1) partially w.r.t x & y, we get

oz

= a e, p=a (2)
OX
oz

= b ie, g =b (3)
oy

Using (2) & (3) in (1), we get
Z = pX +qy+ pq
which is the required partial differential equation.
Example 2
Form the partial differential equation by eliminating the arbitrary constants a and b
from
z=(x*+a%) (y?+D?)
Given z= (x*>+a?) (y?+b? (1)
Differentiating (1) partially w.rt x &y, we get

p=2x(y*+b?)

q=2y (x +a)
Substituting the values of p and g in (1), we get
4xyz = pq

which is the required partial differential equation.



Example 3

Find the partial differential equation of the family of spheres of radius one whose centre
lie in the xy - plane.

The equation of the sphere is given by

(x—a)*+ (y-b)?+ 22 =1 1)

Differentiating (1) partially w.r.t x &y, we get

0
0

2(x-a) +2zp
2(y-b) +2zq

From these equations we obtain

X-a= -zp 2
y-b=-zqg____ (3

Using (2) and (3) in (1), we get

202+ 22 +2%2 =1
or zZ2(p?+q¢® +1)=1

Example 4

Eliminate the arbitrary constants a, b & ¢ from

X2y z?
— +— + — =1 and form the partial differential equation.
a2 b

The given equation is

X2y 7°

— v+ — =1 (1)




Differentiating (1) partially w.r.t x & y, we get

2X  2zp

- 4 =0
a® c?

2y 2zq

-+ =0
b>  ¢?

Therefore we get

X zp

— +— =0 2)

a° c?

y Zq

—+— =0 (3)
b? c?

Again differentiating (2) partially w.r.t ,.x“, we set

(Ma?)+@/c?)(zr+p?) =0 (4)

Multiplying ( 4) by x, we get

X Xzr o pX
N S +_ =0

a® c®

From (2) , we have

—zZp  Xzr  pX
— +t — + — =0

c® c?

or-zp+xzr+p=0

By the elimination of arbitrary functions

Letu and v beany two functions of X, y, z and ®(u, v ) = 0, where ® is an
arbitrary function. This relation can be expressed as

u=1f(v) 1)




Differentiating (1) partially w.rt x & y and eliminating the arbitrary
functions from these relations, we get a partial differential equation of the first order

of the form
f(x,y,z,p,q)=0.

Example 5

Obtain the partial differential equation by eliminating ,.f ,, from z = ( x+y) f (x%-y?)

Let us now consider the equation

z = (x+y) f(x*y?) 1)
Differentiating (1) partially w.rt x &y, we get

y)Fr(OC-y). 2x+f(x*-y?)
y)Fr(C-y) . (-2y) + (X2 -y?)

Hence, we get

p-f (x*-y) X

q-f (x*-y*) y
e, py-yf(x?-y?) =-gx +xf (X - y*)
e, py +ox = (x+y)f(x*-y?)
Therefore, we have by(1), py+gx =z

Example 6

()
)

Form the partial differential equation by eliminating the arbitrary function f

from
z=e"f(x+y)

Consider z = e¥f(x+y ) (1)

Differentiating (1) partially w.r.t x &y, we get
p=e'f'(x+y)

qg=e'f'(x+y) +f(x+y).e
Hence, we have

q=p+z



Example 7
Form the PDE by eliminating f& @ fromz=f(x tay )+ ® ( x —ay)

Consider z= f(x+ay) + @ ( x—ay) 1)

Differentiating (1) partially w.r.t x &y , we get

p="f(x+ay) + @' (x—ay) )

q= f'(x+ay).a+ @ (x—ay)(-a) (3)

Differentiating (2) & (3) again partially w.r.t x &y, we get

r =f"(xtay)+®"(x—ay)
t =f"(x+ay).a®+ ®"(x —ay) (-a)®

e, t=a?{f'(x+ay)+d"(x—ay)}

or t=a’r

Exercises:

L Form the partial differential equation by eliminating the arbitrary constants ,,a" &
b from the following equations.

0] z=ax + by
(i) x2+y? z
+ — =1

a’ b?
(iii)  z=ax+ by +Va? +b?
(iv) ax®+by*+cz?=1
(v) z=a’x+Db’y+ab

2

2. Find the PDE of the family of spheres of radius 1 having their centres lie on the
xy plane{Hint: (x —a)? + (y — b)*> + 22 = 1}

3. Find the PDE of all spheres whose centre lie on the (i) z axis (ii) x-axis

4, Form the partial differential equations by eliminating the arbitrary functions in the

following cases.
() z=f(x+y)
(i) z=F(¢-y)
(i) z=f(X*+y*+ 79
(iv) d(xyz,x+y+2)=0



(V) z=x+y+f(xy)
(Vi)  z=xy+f(x*+y?)
(vi) z=1f |x

z
(viii) F(xy+z% x+y+2)=0
(ix) z=f(x+iy)+f (x—1iy)
(x) 2= +2y) +g(x® - 2y)

SOLUTIONS OF A PARTIAL DIFFERENTIAL EQUATION

A solution or integral of a partial differential equation is a relation connecting the
dependent and the independent variables which satisfies the given differential equation. A
partial differential equation can result both from elimination of arbitrary constants and
from elimination of arbitrary functions as explained in section 1.2. But, there is a basic
difference in the two forms of solutions. A solution containing as many arbitrary
constants as there are independent variables is called a complete integral. Here, the partial
differential equations contain only two independent variables so that the complete
integral will include two constants.A solution obtained by giving particular values to the
arbitrary constants in a complete integral is called a particular integral.

Singular Integral
Let f(X,y,z,p,q) =0 ----------- 1)

be the partial differential equation whose complete integral is
d (X,y,2,a,b) =0 -----m-mmmmm- 2

where ,,a" and ,,b* are arbitrary constants.

Differentiating (2) partially w.r.t. a and b, we obtain

9
-------- =0 e aad )
oa
9
and =-=-m---=0 (4)
ob

The eliminant of ,,a” and ,,b* from the equations (2), (3) and (4), when it exists, is
called the singular integral of (1).



General Integral

In the complete integral (2), put b = F(a), we get

¢ (x,y.z,a, F@)) =0 (%)

Differentiating (2), partially w.r.t.a, we get

....... ap— (6)

The eliminant of ,,a* between (5) and (6), if it exists, is called the general integral of (1).
SOLUTION OF STANDARD TYPES OF FIRST ORDER PARTIAL
DIFFERENTIAL EQUATIONS.
The first order partial differential equation can be written as

f(x.y.z, p,g) =0,

where p = 0z/0x and q = 0z / dy. In this section, we shall solve some standard forms
of equations by special methods.

Standard I : f (p,q) = 0. i.e, equations containing p and q only.

Suppose that z = ax + by +c is a solution of the equation f(p,q) = 0, where f (a,b)
=0.

Solving this for b, we get b = F (a).

Hence the complete integral isz = ax + F(a) y +c (1)
Now, the singular integral is obtained by eliminating a & ¢ between
z=ax+yF@)+c
0=x+yF(a)
0=1.

The last equation being absurd, the singular integral does not exist in this case.

To obtain the general integral, let us take c = ® (a).



Then, z=ax+F(@)y+o(a) 2
Differentiating (2) partially w.r.t. a, we get

0=x+F().y+d'() (€))

Eliminating ,,a” between (2) and (3), we get the general integral

Example 8

Solve pg=2
The given equation is of the form f (p,q) =0
The solution is z = ax + by +c, where ab = 2.

Solving, b=----- :

The complete integral is

2
Z= ax + y+c 1)
a

Differentiating (1) partially w.r.t ,,c*, we get
0=1,
which is absurd. Hence, there is no singular integral.

To find the general integral, put c = @ (a) in (1), we get

Differentiating partially w.r.t ,,a”, we get
2

0 = X---m-m--- y + ®'(a)
a2

Eliminating ,,a™ between these equations gives the general integral.



Example 9
Solvepg+p+g=0
The given equation is of the form f (p,q) = 0.
The solution is z = ax + by +c, whereab +a + b = 0.

Solving, we get

Hence the complete Integral is z = ax — ------- y+C

l+a
Differentiating (1) partially w.r.t. ,,c*, we get

0=1

1)

The above equation being absurd, there is no singular integral for the given partial

differential equation.
To find the general integral, put ¢ = ® (a) in (1), we have

a

Z = aXx— - y+® (a)
1+a

Differentiating (2) partially w.r.t a, we get

1 1

0=X— - y + @'(a)
(1+a)

Eliminating ,,a” between (2) and (3) gives the general integral.
Example 10

Solve p? + g? = npq

The solution of this equation is z = ax + by + ¢, where a? + b? = nab.

Solving, we get

()

(3)



2
Hence the complete integral is

Z=ax +a ----- ? -------- y +C (1)

Differentiating (1) partially w.r.t c, we get 0 = 1, which is absurd. Therefore, there is no
singular integral for the given equation.

To find the general Integral, put C = @ (a), we get
n+ N4

z= ax+ a y+®d(a)
2

Differentiating partially w.r.t ,,a”, we have

The eliminant of ,,a" between these equations gives the general integral

Standard Il : Equations of the form f (x,p,q) =0, f (y,p,q) =0 and f (z,p,q) = 0.
i.e, one of the variables x,y,z occurs explicitly.

0] Let us consider the equation f (x,p,q) = 0.
Since z is a function of x and y, we have

0z 0z

or dz = pdx + qdy

Assume that g = a.

Then the given equation takes the form f (x, p,a) =0
Solving, we get  p = ®(x,a).

Therefore, dz = d(x,a) dx + ady.

Integrating, z = | ®(x,a) dx + ay + b which is a complete Integral.



(i) Let us consider the equation f(y,p,q) = 0.

Assume that p = a.

Then the equation becomes f (y,a, q) =0

Solving, we get q = @ (y,a).

Therefore, dz = adx + ®(y,a) dy.

Integrating, z = ax + J®(y,a) dy + b, which is a complete Integral.
(iii) Let us consider the equation f(z, p, q) = 0.

Assume that g = ap.

Then the equation becomes f (z, p, ap) =0

Solving, we get p = ®(z,a). Hence dz = ®(z,a) dx + a ®(z, a) dy.

dz
ie, ------mme-- = dx + ady
D (z,a)
dz
Integrating, J7=x + ay + b, which is a complete Integral.
D (z,2)

Example 11
Solve q = xp + p?

Given q=xp+p? T (1)
This is of the form f (x,p,q) = 0.
Putg=ain (1), we get
a=xp+p?
e, p+xp—a=0.
X +V(x? + 4a)

Therefore, T ———
2



—x+\Vx?+4a

Integrating , z=[0dx +ay+b
2
X2 X
Thus, 2= — sk e J(4a+x?)+asinh?
4 4
Example 12
Solve q = yp?

This is of the form f (y,p,q) =0
Then, putp = a.
Therfore, the given equation becomes q = ay.
Since dz = pdx + qdy, we have

dz = adx + a%y dy
Integrating, we get z = ax + --------- +b
Example 13

Solve 9 (p?z + 9?) = 4

This is of the form f (z,p,q) =0
Then, putting g = ap, the given equation becomes

9(pz+ap?) =4

2
Therefore, e —
3 (Vz +a?)
2a
and Vi S—
3(Vz +a%)

Since dz = pdx + qdy,



2 2
\z + a2 dz = ------ dx + ------ a dy, which on integration gives,
3 3
(z+a%)®? 2 2
------------- = - X ;Y + Db
3/2 3 3
or (z+a%)% =x+ay+h.
Standard 111 : fi(x,p) = f2 (y,q). ie, equations in which ‘z’ is absent and the variables
are
separable.

Let us assume as a trivial solution that

f(x,p) = g(v.0) = a (say).

Solving for p and g, we get p = F(x,a) and g = G(y,a).

But dz = -------- dx + ------- dy

Hence dz = pdx + qdy = F(x,a) dx + G(y,a) dy

Therefore, z = JF(x,a) dx + | G(y,a) dy + b , which is the complete integral of the given
equation containing two constants a and b. The singular and general integrals are found in
the usual way.

Example 14
Solve pg = xy

The given equation can be written as

p y
e D e = a (say)
X q



Therefore, ----- =a implies p=ax
X
y y
and - =a implies q=-----
q a

Since dz = pdx + qdy, we have

y
dz = axdx + ------ dy, which on integration gives
a
aXZ y2
7= ---—-- R +Db
2 2a

Example 15

Solve p? + g? = x? + y?
The given equation can be written as

p?—x? =y’ —qg? =a’ (say)

p?—x?=a% implies p = V(a® + x?)

and  y?*—g?=a? implies q=(y?*-a?)
But dz =pdx + qdy

ie, dz=VaZ+xZdx +y?—a?dy

Integrating, we get

a’ X a’

2 2 a 2 2 a

Standard IV (Clairaut’s form)

Equation of the type z = px + qy + f (p,q) ------ (1) is known as Clairaut™s form.



Differentiating (1) partially w.r.t x and y, we get
p=a and qg=bh.
Therefore, the complete integral is given by

z=ax + by +f(ab).

Example 16

Solve z = px + qy +pq
The given equation is in Clairaut™s form.
Putting p =a and q = b, we have

z=ax+hby+ab 1)

which is the complete integral.
To find the singular integral, differentiating (1) partially w.r.t a and b, we get

0=x+b
O=y+a

Therefore we have, a = -y and b= -x.
Substituting the values of a & b in (1), we get
Z=-Xy— Xy + Xy
or z + xy = 0, which is the singular integral.

To get the general integral, put b = ®(a) in (1).

Then z=ax+ ®(a)y +ad(a) (@)
Differentiating (2) partially w.r.t a, we have

0=x+d'(@y+ad'(d) +D(a) (3)

Eliminating ,,a” between (2) and (3), we get the general integral.



Example 17

2

Find the complete and singular solutions of z = px + qy + ¥ 1+ p? + q

The complete integral is given by

z=ax + by + 1+ aZ+Db? 1)
To obtain the singular integral, differentiating (1) partially w.r.ta & b. Then,
a
I G
V1+ a2+ b?
b
0=y + -
V1 +a +b?
Therefore,
-a
X = )
V(L + a2+ b?)
-b
and y= (3)
V(L + a2+ b?)
Squaring (2) & (3) and adding, we get
a2 + b2
X2 + y2 R T
1+a+b?
1
Now, [ Y Vo —
1+a’+b?
1
ie, R i ol | = —
1-x2—y?
Therefore,
1
V(1 +a% + b?) = (4)
V1 —x2—y?

Using (4) in (2) & (3), we get



Xx= —aVl-x2—y?

and = bVI—X2—y
=X _y
Hence, Y —— and b = —cmcmmmmmeeeee
V1-x%—y? V1-x2-y?

which on simplification gives
z=T—x*—y*
or x?+y?*+2z2=1, which is the singular integral.
Exercises

Solve the following Equations

3

4

5
6.p+g=x+Yy
7.p?2%+?=1
8.z=px +qy - 2\pq

9. {z-(px+ay)}=c?+p’+q°
10. z = px + qy + pq?

EQUATIONS REDUCIBLE TO THE STANDARD FORMS

Sometimes, it is possible to have non — linear partial differential equations of the
first order which do not belong to any of the four standard forms discussed earlier. By
changing the variables suitably, we will reduce them into any one of the four standard

forms.

Type (i) : Equations of the form F(x™ p, y"q) = 0 (or) F (z, x™p, y"q) = 0.

Case(i) : Ifm=1and n=1, then putx™=Xand y'" =Y.



0z o0z
Therefore, x™p = ------ (1-m)=(1—-m) P, where P = -------
oX oX
0z
Similarly, y"q = (1-n)Q, where Q = ------
oY
Hence, the given equation takes the form F(P,Q) = 0 (or) F(z,P,Q) = 0.
Case(ii) : If m=1and n =1, then put log x = X and log y = Y.

Now, p = ----- = e o —
OX oX OX oX X
0z
Therefore, xp =-------- = P.
oX
Similarly, yq =Q.
Example 18

Solve x*p? + y?zq = 27°
The given equation can be expressed as
(x*p)* + (y’0)z = 22°
Herem=2,n=2
PutX=xm=xtandyY=yl"=y"1

We have x"p = (1-m) P and y"q = (1-n)Q
ie, x%p = -P and y?q = -Q.

Hence the given equation becomes

P2 - Qz = 272 (1)
This equation is of the form f (z,P,Q) = 0.

Let us take Q = aP.



Then equation (1) reduces to

P2 —aPz =27°
a+(a®+8)
Hence, P= z
2
a+(a®+8)
and Q=a z
2
Since dz =PdX + QdY, we have
a+(a+8) a+(a?+8)
dz= - zdX +a zdY
2 2
dz a+(a®+8)
ie, - = e (dX +ady)
z 2

Integrating, we get

atVa’+8
l0g Z = ----meemomoeeee- (X +aY) +b
2
at\@2+8) 1 a
Therefore, logz= ---------------- -t e + b which is the complete solution.
2 X y
Example 19

Solve x?p? + y?g? = 72

The given equation can be written as
(xp)? + (yq)* = 2°
Herem=1,n=1.

Put X =logxand Y =logy.



Then xp =P and yq = Q.

Hence the given equation becomes
This equation is of the form F(z,P,Q) = 0.
Therefore, let us assume that Q = aP.
Now, equation (1) becomes,

P2+a2P2:ZZ

z
Hence P =--------

V(1+a?)

az

and Q = --eeee-

V(1+a?)
Since dz = PdX + QdY, we have

z az
dz = ------—--- dX + ----mme--- dy.
V(1+8?) V(1+a?)

dz
i.e, V(1+a?) - =dX +ady.

z

Integrating, we get

V(1+a?) log z = X +aY + b.
Therefore, \(1+a?) log z = logx + alogy + b, which is the complete solution.
Type (ii) : Equations of the form F(zKp, z*g) = 0 (or) F(x, zKp) = G(y,zXq).

Case (i) : If k-1, put Z = %,

0z oz 0z 0z
NOW --mmm = —memmee commeee = (K+1)ZX. ------- = (k+1) z*p.
OX 0z OX OX
1 oZ

Therefore, Zp = ----- -------
k+1 ox



1 oz
Similarly, zq = ------- -
k+1 oy

Case (ii) : Ifk =-1, put Z = log z.

oL 0L oz 1

Now, ------- =- - - P
OX 0z OX Z
oz 1
Similarly, — ----- SR q
oy z
Example 20

Solve 2% - z%p =1
The given equation can also be written as
(z%q)* - (2%p) =1

Here k = 2. Putting Z = z ¥*! = 73, we get

1 oz 1 oz
Z¥p = --eem e and  ZKq = -----m -e-
k+1 0OX k+1 oy
1 oZ 1 oz
i.e, Z%p = -mmmmm —meee- and  Z%q = ------ ------
3 o 3 oy

Hence the given equation reduces to

ie, Q*-3P-9=0,
which is of the form F(P,Q) = 0.
Hence its solution is Z = ax + by + ¢, where b?> —3a— 9 =0.

Solving for b, b = + V(3a +9)



Hence the complete solution is
Z=ax +V(3a+9).y+c

or Z*=ax +V(3a+9)y+c

Exercises

Solve the following equations.
1. x2p? + y2p? = 22
2.2% (p2+9%) = X2 + y?
3.22(pX+ P =1

4, 2x%p? —yzq-322=0
5. p? + X222 = X2 22

6. x%p + y’q = 22
7.%%p + ylq =z
8.22(p*-¢)=1

9.22 (PIX* + g?ly?) =1
10. p’x + g’y = z.

Lagrange’s Linear Equation

Equations of the form Pp + Qq =R (1), where P, Q and R are
functions of x, y, z, are known as Lagrange"s equations and are linear in ,,p* and ,,q".To
solve this equation, let us consider the equations u = a and v = b, where a, b are arbitrary
constants and u, v are functions of x, vy, z.

Since ,,u “isa constant, we have du = 0 ----------- (2).

But ,,u” as a function of x, y, z,

ou ou ou
du= — dx+ — dy+ — dz
ox oy 0z
Comparing (2) and (3), we have
ou ou ou
— dx+ —dy+ —dz =0 (3)
ox oy 0z
Similarly, ov ov ov
— dx+ —dy+ —dz =0 4

ox oy 0z



By cross-multiplication, we have

dx dy dz
ou Ov Ou oOv ou Ov Ou Ov ou Ov Ou OV
0z Oy oy o0z ox 0z 0z OX oy Ox O%—o0y
(or)
dx dy dz
— = — = — ©)
P Q R

Equations (5) represent a pair of simultaneous equations which are of the first
order and of first degree. Therefore, the two solutions of (5) are u =aand v = b. Thus,
®(u, v) =0 is the required solution of (1).

Note :

To solve the Lagrange®s equation,we have to form the subsidiary or auxiliary
equations
dx dy dz

P Q R

which can be solved either by the method of grouping or by the method of
multipliers.

Example 21

Find the general solution of px + qy = z.

Here, the subsidiary equations are

dx dy dz

X y z

Taking the first two ratios, dx __dy
y

Integrating, log x = log y + log c:



or X=cCry
e, c1=xly

From the last two ratios, dy _ dz
z

Integrating, logy = log z + log c:

or y=cC2z

i.e, c2=ylz
Hence the required general solution is

®( x/y, y/z) =0, where @ is arbitrary
Example 22

Solveptanx + qtany =tan z
The subsidiary equations are

dx dy dz

tanx  tany tanz

Taking the first two ratios, dx __dy
tanx ~ tany

ie, cotx dx = coty dy
Integrating, log sinx = log siny + log ¢1
ie, sinx = ¢z siny
Therefore, c1 = sinx/siny
Similarly, from the last two ratios, we get
siny = c2 sinz
i.e, C2 =siny/ sinz

Hence the general solution is



sinx siny
() , = (0, where @ is arbitrary.
siny sinz

Example 23

Solve (y-z) p + (z-x) g = x-y
Here the subsidiary equations are

dx dy dz

y-Z Z- X X -y

Using multipliers 1,1,1,
dx + dy + dz

each ratio =
0

Therefore, dx + dy + dz =0.

Integrating, X+y +z = c1 1)

Again using multipliers X, y and z,

Xdx + ydy + zdz

each ratio =
0

Therefore, xdx +ydy +zdz =0.
Integrating, ~ x%/2 + y?/2 +z2/2 = constant
or X+ y+ 722 =0 @)
Hence from (1) and (2), the general solution is

O(x+y+z,x2+y*+2%)=0

Example 24

Find the general solution of (mz - ny) p + (nx- 1z)q = ly - mx.



Here the subsidiary equations are
dx dy dz
mz- ny nx - Iz ly - mx
Using the multipliers x, y and z, we get

xdx + ydy + zdz

each fraction =
0
. xdx + ydy + zdz = 0, which on integration gives
X?/2 + y?[2 +7°/2 = constant
or XX+ y+ 722 = (1)

Again using the multipliers I, m and n, we have

ldx + mdy + ndz

each fraction =
0
* . ldx + mdy + ndz = 0, which on integration gives

IXx +my +nz = c» V)
Hence, the required general solution is

Ox2+y?+7%,Ix+my+nz)=0
Example 25

Solve (X% - y?-z2) p + 2xy q = 2xz.
The subsidiary equations are
dx dy dz
x2-y?-72 2Xy 2%z

Taking the last two ratios,

dx dz

2Xy 2Xz



2Xy 2Xz

Integrating, we get logy =log z + log c1
or y=ciz
e, 1 =Yyl/z Q)
Using multipliers x, y and z, we get

xdx + ydy +zdz

each fraction = =

X (X2-y?-7% )+2xy*+2x7?

Comparing with the last ratio, we get

Xdx + ydy +zdz dz

X( X2+y? +722) ) 2;
_ 2xdx + 2ydy + 2zdz dz
€ X2+ y2 + Z2 - _Z
Integrating, log (x?+y?+2% ) = logz + logc2

or X+y* +72 =caz

X2+ y2 + 22
ie, C=
z

From (1) and (2), the general solution is ®(c1 , C2) = 0.

X2+ y2+22
e, ® (yz),—/ =0
z

Xdx + ydy +zdz

X ( X%+ y* +27%)



Exercises

Solve the following equations

px* + qy* = 22

pYyZ + zX = Xy

Xp —yq = y* - X2

y?zp + x%zq = y?X

. Z(x—Yy)=pxt - qy?
6.(@—x)p+(b-y)g=c-z
7. (Y?z p) IX + xzq = y?

8. (Y’ +z)p-xyq+xz=0

9. X’p+yq=(x+y)z

10. p—q = log (x+y)

11, (xz +yz)p + (X2 - yz)q = X* + y°
12.(y-2)p-(2x+y)g=2x+z

arwdE

PARTIAL DIFFERENTIAL EQUATIONS OF HIGHER ORDER WITH
CONSTANT COEFFICIENTS.

Homogeneous Linear Equations with constant Coefficients.

A homogeneous linear partial differential equation of the n™" order is of the form

0"z 0"z 0"z
Co --—---- + Cp - +.o.... + Cp - =F (x)y) (@D)]
ox" ox™loy oy"
where co, €1, --------- , Cn are constants and F is a function of ,,x* and ,,y*. It is

homogeneous because all its terms contain derivatives of the same order.
Equation (1) can be expressed as

(coD"+ciD™ D +.....+cn D") z=F (X,y)
or f(D,D)z=F (xy) (2),




0 0
where, ----- =D and------- =D"
oX oy

As in the case of ordinary linear equations with constant coefficients the complete
solution of (1) consists of two parts, namely, the complementary function and the
particular integral.

The complementary function is the complete solution of f(D,D)z=0 ------ (3),
which must contain n arbitrary functions as the degree of the polynomial f(D,D). The
particular integral is the particular solution of equation (2).

Finding the complementary function

Let us now consider the equation f(D,D) z = F (X,y)
The auxiliary equation of (3) is obtained by replacing D by m and D by 1.
i.e,com+cim™+ . +cn=0------mmee- (4)

Solving equation (4) for ,,m", we get ,,n" roots. Depending upon the nature of the roots,
the Complementary function is written as given below:

Roots of the auxiliary Nature of the Complementary function(C.F)
equation roots
mg,mz,ms....... ,mp distinct roots f1 (y+max)+fo(y+mox) + ....... +a(y+mnXx).
M1 =Mz =m, M3 ,Ma,.....,mn| two equal roots | fi(y+mux)+xfo(y+mix) + fa(y+msx) + ...+
fa(y+mnx).
me=mz=....... =mn=m | all equal roots f1(y+mx)+xf2(y+mx) + x*f3(y+mx)+.....
+ . Ax"f (yrmx)

Finding the particular Integral
Consider the equation f(D,D) z = F (X,y).

Now, the P.I is given by---------‘- F (x,y)
Case (i) : When F(x,y) =e™*
Pl=ccommmmeeee gdx+by
f(D,D)
Replacing D by ,,a* and D by ,.b*, we have

1
= [ p— e where f (a,b) #0.




f (a,b)
Case (i) : When F(x,y) =sin(ax + by) (or) cos (ax +by)
1
Pl = - sin (ax+by) or cos (ax+by)

f(D,DD',D?)

Replacing D? = -a, DD 2 = -ab and D = -b?, we get

f(D,D)
Expand [f (D,D)]* in ascending powers of D or D' and operate on x™ y" term by term.

Case (iv) : When F(x,y) is any function of x and y.

1
e e F (X,y).
f(D,D)
1
Resolve----------- into partial fractions considering f (D,D) as a function of D alone.
f(D,D)

......... F(xy)= [ F(x,c-mx) dx ,

where c is replaced by y+mx after integration
Example 26
Solve(D® - 3D?D + 4D3) z = eX*¥

The auxillary equation is m=m3—3m? + 4 =0



The rootsare m=-1,2,2

Therefore the C.F is fi(y-x) + fo (y+ 2x) + xf3 (y+2x).

ex+2y

P.l.= (Replace D by 1 and D by 2)
D*-3D?D'+4D*

ex+2y
27
Hence, the solutionisz=C.F. + P.I
ex+2y
ie, z = f1 (y-X) + f2(y+2x) + X f3(y+2X) + ----------
27

Example 27
Solve (D? - 4DD +4 D '?) z = cos (X — 2y)
The auxiliary equation is m? —4m + 4 =0
Solving, we get m = 2,2.
Therefore the C.F is f1(y+2x) + xf2(y+2x).
1

S PI= - C0S (x-2y)
D?—-4DD + 4D

Replacing D? by — 1, DD by 2 and D' 2 by —4, we have

1
Pl = Ccos (x-2y)
(-1)-4(2) +4(-4)

cos (x-2y)



. Solution is z = fi(y+2x) + Xfa(y+2X) —=------===---- -- _
25

Example 28
Solve (D? - 2DD) z = X3y + &>
The auxiliary equation is m? — 2m = 0.

Solving, we get m = 0,2.
Hence the C.F is f1 (y) + f2 (y+2x).

x3y
e =T
D2 -2DD

1

I
)
>
w
=

1 2 4
= - (x%y) + ----- D' (x%y) + ------ D (Cy) +.....
D2 D D2

D2 D D?




P.12 T - (Replace D by 5 and D' by 0)
D?-2DD
e5x
25
x5y X6 e5x
~.Solution is Z = fi(y) + f2 (y+2x) + ------- S — S S—

Example 29
2

Solve (D?+ DD -6 D" z = y cOSsX.

The auxiliary equation is m? + m — 6 = 0.
Therefore, m=-3, 2.

Hence the C.F is f1(y-3x) + fa(y + 2x).
Yy COSX

P.I= -
D2+ DD - 6D

(D +3D) (D - 2D)

1 1
= Yy COSX
(D+3D) (D - 2D)

1
= - | (c - 2x) cosx dx, where y = ¢ — 2x
(D+3D)
1
S [ (c—2x) d (sinx)
(D+3D)
1
= mememeeeeee- [(c —2x) (sinx) — (-2) ( - cosx)]
(D+3D)
1
= mmmemememeeeee [ysinx—2 cos x)]
(D+3D)

= [ [(c + 3x) sinx — 2 cosx] dx , where y = ¢ + 3x



= [ (c + 3x) d(~ cosx) — 2] cosx dx
= (¢ + 3x) (- cosx) — (3) ( - sinx) — 2 sinx
= —y COsSX + sSinx

Hence the complete solution is

z = f1(y — 3x) + f2(y + 2x) — y cosx + sinx
Example 30

Solver—4s+4t=e 2"
0’z 0’z 0’z
Given equation is  -------- — 4 e + 4 e = g2y
oX? OXoy oy?
i.e, (D?’—4DD +4D ?)z=e¥*"V
The auxiliary equation is m? —4m + 4 = 0.
Therefore, m=2,2

Hence the C.F is fi(y + 2x) + x f2(y + 2x).

D2 - 4DD+4D'?

Since D2 - 4DD'+4D? = 0 for D = 2 and D' = 1, we have to apply the general rule.

(D - 2D) (D — 2D)

1 1
—_ e2x+y

 (D-2D) (D-2D)

1

= eemmmmeeeaen [ @2 - X (x where y = ¢ — 2X.
(D - 2D)




= mmmmmmmemmee- _[ ec dx
(D-2D)
1
= e et .X
(D-2D)
1
= oo xe y+2X
D-2D
=[xe®*2Xdx | wherey=c-2x.
= [ xe® dx
=eC, x%/2
x2ey*r2x
2

Hence the complete solution is

z = fa(y+2x) + fo(y+2x) +------x%2*

Non — Homogeneous Linear Equations

Let us consider the partial differential equation

f(D,D) z = F (X,y) ~-=-=-=mmnmm- (1)

If f (D,D) is not homogeneous, then (1) is a non-homogeneous linear partial differential
equation. Here also, the complete solution = C.F + P.I.

The methods for finding the Particular Integrals are the same as those for
homogeneous linear equations.

But for finding the C.F, we have to factorize f (D,D)) into factors of the form D — mD —c.

Consider now the equation



This equation can be expressed as

p—mg=CZ -------- 3,
which is in Lagrangian form.

The subsidiary equations are
dx dy dz

The solutions of (4) arey + mx =aand z = be®.

Taking b =f (a), we get z = e f (y+mXx) as the solution of (2).

Note:
1. If (D-miD'-Ci) (D-mzD-Cy)...... (D —myD-Cp) z = 0 is the partial
differential equation, then its complete solution is

z = %" fi(y +mix) + %X fo(y+mox) +........... + €% fa(y+mnx)

In the case of repeated factors, the equation (D-mD — C)"z = 0 has a complete

solution z = ™ fi(y +mx) + x e*fo(y+mx) +........... +x "1 e fi(y+mx).
Example 31

Solve (D-D-1) (D-D - 2)z=e Y
Heremi=1,mx=1,¢c1=1,¢c=2.

Therefore, the C.F is e* f1 (y+x) + e f5 (y+Xx).

e2x-y
PutD=2,D =-1.

P.I.=
(D-D -1) (D-D -2)

e2x-y

2-(-D-DE-(-D-2



Example 32
Solve (D>~ DD + D —1) z = cos (X + 2y)
The given equation can be rewritten as
(D-D'+1) (D-1) z = cos (X + 2y)
Heremi=1,m;=0,c1=-1,co=1.
Therefore, the C.F = e f1(y+x) + €* f2 (y)
1 2
e cos (x+2y) [PutD?=—-1,DD =-2,D = —4]
(D?’-DD + D' -1)
1

= cos (x+2y)
-1-(-2)+D-1

1
--2=-COS (X+2Y)
D

sin (x+2y)

sin(x+2y)
Hence the solution is z = e fi(y+x) * fa(y) +-------------- -- _

Example 33
Solve [(D + D—1) (D + 2D —3)] z = ¥ + 4 + 3x +6y

Heremi=—-1,mx=-2,c1=1,¢c,=3.



Hence the C.Fis z = eX fi(y — X) + &3 fo(y — 2x).

ex+2y
P.li= [PutD=1,D=2]
(D+D'—1) (D + 2D -3)

ex+2y

P.lx= (4 + 3x + 6y)
(D+D' —-1) (D + 2D -3)

1
= (4 + 3X + 6y)
D+2D
3[1— (D+D)] 1 — ----meemv
3
1 D+2D 1
= eeeee- [1-(D+D)! 1—-mmmmmmmmmee- (4 +3x+6y)
3 3
1 D +2D 1
=-——[1+(D+D)+ (D+D)*+.. ] 1t ---oomme- + - (D+2D)?+ ........ ]
3 3 9
. (4 + 3x +6y)
1 4 5
g e » . D+ .o, (4 + 3x + 6y)



1 4 )
=---- 443X + 6y + ----- (3) + ---- (6)
3 3 3

=X+2y+6

Hence the complete solution is

z = &1 (y-x) + ¥ f2 (y — 2X) +-----mmm- +X +2y +6.

Exercises
(a) Solve the following homogeneous Equations.

0’z 0’z 0’z
1. et -6 =cos (2x +Y)
ox? OX0oy oy?
0’z 0’z
2. emeeeeeee 2 = sin X.cos 2y
ox? X0y

3.(D?+3DD +2D?) z=x+Yy

4. (D>~ DD+ 2D’ ?) z = xy + €. coshy

Hint: €. coshy = €%, ----------=-- = oo
5. (D®— 7DD ?- 6D 3) z = sin (x+2y) + e**Y
6. (D? + 4DD - 5D?) z = 362 +sin (X — 2y)
7. (D?>- DD - 30D?) z = xy + %
8. (D? — 4D ?) z = cos2x. cos3y

9. (D?>-DD —-2D?) z = (y - 1)&*



10. 4r + 12s + Ot = e - %

(b) Solve the following non — homogeneous equations.

1. (2DD + D' %2—-3D) z = 3 cos(3x — 2y)
2.(D’+DD +D -1)z=¢*

3.r—s+p=x2+y?

4. (D?-2DD + D?-3D + 3D + 2)z = (e + 2e¥)?

5.(D>-D?-3D+3D)z=xy+17.



UNIT-II
FOURIER SERIES

INTRODUCTION

The concept of Fourier series was first introduced by Jacques Fourier (1768—
1830), French Physicist and Mathematician. These series became a most important tool
in Mathematical physics and had deep influence on the further development of
mathematics it self.Fourier series are series of cosines and sines and arise in representing
general periodic functions that occurs in many Science and Engineering problems. Since
the periodic functions are often complicated, it is necessary to express these in terms of
the simple periodic functions of sine and cosine. They play an important role in solving
ordinary and partial differential equations.

PERIODIC FUNCTIONS

A function f (x) is called periodic if it is defined for all real ,,x* and if there is
some positive number ,,p* such that

f(x+p)="f(x)forall x.

This number ,,p*™ is called a period of f(x).

If a periodic function f (x) has a smallest period p (>0), this is often called the
fundamental period of f(x). For example, the functions cosx and sinx have fundamental

period 2.

DIRICHLET CONDITIONS

Any function f(x), defined in the interval ¢ < x < ¢ + 2x, can be developed as
do )
a Fourier series of the form --------- + 2. (an cosnx + by sinnx) provided the following
2 n=1
conditions are satisfied.

f (x) is periodic, single— valued and finite in [ ¢, ¢ + 2 =].
f (x) has a finite number of discontinuities in [ c, ¢ + 2x].
f (x) has at the most a finite number of maxima and minima in [ ¢,c+ 2x].

These conditions are known as Dirichlet conditions. When these conditions are satisfied,
the Fourier series converges to f(x) at every point of continuity. At a point of
discontinuity x = c, the sum of the series is given by

f(x) = (1/2) [ f (c-0) + T (c+0)],



where f (c-0) is the limit on the left and f (c+0) is the limit on the right.

EULER’S FORMULAE
The Fourier series for the function f(x) in the interval ¢ < x < ¢ + 2 is given by
do 0
f(X) = ---mmmv +3 (an cosnx + by sinnx), where
2 n=1
1 comm
ao = - | f (x) dx.
P C
1 ciom
an = ----—- | () cosnx dx.
T C
1 cumm
by =------- [ £ (x) sinnx dx.
T C

These values of ag, an, bn are known as Euler*'s formulae. The coefficients ao, an, by are
also termed as Fourier coefficients.

Example 1

Expand f(x) = x as Fourier Series (Fs) in the interval [ -x, «t]

do o0
Let fx) = — + ¥ [ ancosnx +bnsin nx J----------- (1)
2 n=1
1 =
Here ao = _  [f(x)dx
T -T
1 =xn
= [ x dx
T T
T
= l i
T 2
-7
1 I
= — _— - — =0
i 2 2



1 =

an =-— | f(x) cosnx dx
T -
1 T sin nx
= — [x d emeeeee-
T - n
T
= 1] fin nx J 1) [cos nxJ
T n n -7
= 1 cosnmt _ cosnm
T nr T n?
=0
1 =
bn = —  Jf(x) sinnxdx
T T
1 T -COS nXx
= — |x d| n
T -
1 -cosn -sinn T
= - Z4® -() |[—
T n n
-
= 1 - TCOS NTT_ TCOSNT
n n n
= -2m cosnm
nm
b =2 (-1)™ [ 7 cosnm=(-1)"

n

Substituting the values of ao, an & by in equation (1), we get

0

fx) = X  2(-D™  sinnx
n=1 n
X = 2 sinx - 1 sin2x+1sin3x-......

1 2 3



Example 2

Expand  f(x) = x? as a Fourier Series in the interval (- < x < n) and hence deduce
that

1. 1-1+1-1+............ =
T 2 R 12
2. 1+1+1+ 1+ ..., =
12 22 32 42 6
3. 1+1+1+ 1+ o, =
14 3% 5 7¢ 8
o0
Let f(x) = a9 + £ [ancosnx+ bnsinnx ]
2 n=1
Here T
a = 1 [ f(x)dx
T -
T
=1 [ x dx
T =TT

a =21
3
T
an= 1 | f(x)cosnx dx
T o-n

= 1 [ x?cosnxdx
7T -TC



11
=

[(XZ) sinnx)— (2x)-cosnx  + (2) —sinnxD
n n n®

= 271 cosngw + 21 CoSNm
i n? n?

an = — (_1)!’1
T
bh= 1 [ f(x)sinnx dx
T o-m
T

= 1 [ x2d -cosnx
T - n

1 [(x2 —cosnx  —(2x) -sinnx_ + (2) _coshx
T [ n n’ n®

I
-

= 1 -r2cosnmt  m2cosnm 2 COSNT  2COSNT
+ + -

T n n n3 n’

bn:O

Substituting the values of ao, an & bn in equation (1) we get

o0
fx)= 2n*+ X 4 (-1)" cosnx
6 n=1 n?
o0
e, x= m +Y  4(-1)" cosnx
3 n=1 n?

o0
e, x®= w?+4 Y (-1)" cosnx

T



3 n=1 n?

= m+ 4 -COSX +COS2X —COS3X + .....

3 12 22 3?
G = w2 - 4 COSX + COS2X + COS3X - ..... ==mmmmmmmmmmmmn
3 12 22 3?
Put x = 0 in equation (2) we get
0 = -4 1-1+1-1+
3 12 22 3247
e, 1-1+1-...= g 3)
12 22 32 12

3 12 22 32
e, m-m=4 1 + 1 + L1+
3 12 22 32
i.e, 1 + 1+ 1 +..... :LZ """"""""" 4)
12 22 32 6

1 -1 +1 - + 1 + 1+ 1 + = + 1t
12 22 32 12 22 32 { 12
e, 2 1 +1 +1 +. = 3n?
12 32 52 12
ie, 1 +1+ 1 +1 = 12
T2 3 B2 T2 k3
Example 3

Obtain the Fourier Series of periodicity 2x for f(x) = e in [-=, ©]

ao [e'e}
Let f(x)= ---- +Y(ancOSNX + by sinnx)  ------------- (1)
2 n=1



ao=2 sinhn
T

T
an =1 ] f(x) cos nx dx
T-T

T
=1 [e*cosnxdx
T

T

=1 ) e [cosnx +nsin nx]
T 1+n2) -TT

n | 1+n? 1+n?

1 [L(-l)”— [ e " (-1)"

(-1)” (en_e—n)
(1+nd)

an = 2(-D)" sinhn

1 =
bn = ----- | f(x) sin nx dx
T-m

T
=1 [e*sinnxdx
T-T



T

=1 { e (sinnx —n cosnx)

n |(1+n?) -1
=1] e™{-n(-1)"} -~ _e""{-n(-1)"}
n| 1+n? 1+n?
= n-D)™  (em-e™)
n(1+n?)
bn = _ 2n(-1)"*! sin hn
n(1+n?)
o0
f(x)=1lsinhn+ > 2(-1)" sinhm cosnx + 2(-n)(-1)" sinhzx sinnx
T n=1 | n(1+n? n(1+n?)
o0
e = 1 sinhm +2sinh i-l)’; COS NX — N sin nx
L sin hr n T nZ;l 1) ( )

o0
ie, e*= sinhm [l +22  (-1)"  (cos nx —nsin nx)

T n=1 1+n?

Example 4
X in (O, n)
Let f(x) =
(2n-x) in  (m 2n)
0 1 ?
Find the FS for f (x) and hence deduce that X ---------- = -=-----
"1 (2n-1)? 8
do 0
Let f(x) =------- + 2 an cosnx + bnsin nx 1)
2 n=1
1 s 2n
Here ag = ------ [ f(x) dx + [ f (x) dx
T 0 T
1 =«

2n
= e [ x dx+ [ (2r - x) dx
T ° T



1 x2 " —(2n-x)? %"
= e [- ----- F e
TT 2 0 2 T
1 T2 72
i CEEE + - =T
T 2 2
e, =T
l T 2n
an= ----- | x cos nx dx + | (2 - x) cos nx dx {
T 0 T
~
1 - sin nx on sin nx
S VY [— +I(2n-x)d --------- <
n O n T n
(S
1 sin nx -cosnx ™ sin nx — coshx
= o () e (1) e + (2mX) oo (1) oo
T n n? - n n> _ —
1 cosnx 1 cos2nm cosnm
e e e e F oo
T n? n? n? n?
1 2cosnm2
T n? n?
2
S [(-1)"-1]
n’r
1 I 2n
bn = -—--- [ f(x) sin nx dx + | f(x) sin nx dx {
T 0 T
1 - —COSNX 2z —C0S nX
= - [xd-——— + J(2r-%x)d -mmmmmeee
n ° n T n
1 —C0S NX —sinnx T —C0S NX —sinnxY] &
e N R +(2mX) oeeeee = (-1) [ ------



T n n? o n n n
1 —mcosnn T COSNT
= e e 4 =0
T n n
.e, bn =0
T o) 2
f(x) = -—--- + 21 (= 1)" - 1] cos nx
2 "lp’g
T 4 COSX C0S3X COS5X
= — R +--- + —t . e (2
2 i 12 32 52

T 4 1 1 1
0= - — oo e + - + oo +.o....
2 T 12 32 52
1 1 1 2
i.e, ------ + e + e + ... R
12 3? 52 8
w 1 n?
1.8, X =mmmmmmmmm S meeeeee
"l (2n-1)? 8
Example 5

Find the Fourier series for f (x) = (x + x?) in (-n < x < 1) of percodicity 2z and hence

deduce that Y (1/ n?) = n?/6.
n=1

do 0

Let f(x) =-------- + 2. (‘an cosnx + by sinnx)
2 n=1
1 =
Here, ao = - [ (x +x?) dx

T —T

1 (x> X =

=P d R T
2 2 3 0



7T 7T 7T 7T
= e e + — -+ -
T 2 3 2 3
212
YO p—
3
1 n
R —— [ f (x) cos nx dx
TC —T
1 & sin nx
SR N E R QI IE—
T " n
1 sin nx — cosnx —sinnx
= - (X + X?) —mmmmmmee- — (1+2X) -=-------- +(2) -
T n n? nd
1 1" 1"
e (1+ 27) --------- -(1-2n)----------
T n? n
4(-1)"
VO —
n2
1 n
T - [ £ (x) sin nx dx
TE —T
1 — €0S NX
= ee- J (x+x3)d —mmmmmmee-
T " n
1 — COSNX —sinnx coSNX
= - (X +X3)  —mmmmeee- — (1+2X) -=mmmnnmm- + (2) ---mmme-
T n n? nd



1 R n()) mED m(L
D m e e e N
T n n n n?
2 (_ 1)n+1
bn: -------------
n
A G\ 2(- 1™t
f(x) e + 2.[]cos nx +-sinnx
3 ™ n? n
° COSX COS2X c0s3X sin2x
R S N - SN [ C— +. ..
3 12 22 32 2

Here x = - and x = &t are the end points of the range
average of the values of f(x) at x = wand X = -m.

f(-m)+f(n)
R 0 T
2
'ﬁ'+n2+7t+7€
2
Putting x = &, we get
s 1 1 1
M2 = -mmmme +4 - E — SR + .
3 12 22 32
2 1 1 1
1.8, - = e + ooeee + oeeen o
6 12 22 32

. .. The value of FS at x = w is the



Exercises:

Determine the Fourier expressions of the following functions in the given interval

1f(x) = (m-x)% 0<x<2n
2f(x)=0in-t<x<0
=nin0<x<mn
3.f(x) =x —x2in [-n,n]
4.f(x) = x(2n-x) in (0,27)
5.f(x) = sinh ax in [-&t, ]
6.f(x) = cosh ax in [-r, 7]
7f(x)=1in0<x<mn
=2iNnt<X<2n
8.f(x) = -n/4 when -t <x <0
= n/Awhen0<x<mn
9.f(x) = cosax, in -1 < X < 7, where ,,a" is not an integer
10.Obtain a fourier series to represent e from x = - to X = . Hence derive the series

for it/ sinhw

Even and Odd functions

A function f(x) is said to be even if f (-x) = f (x). For example x?, cosx, X sinx, secx are
even functions. A function f (x) is said to be odd if f (-x) = - f (x). For example, x3, sin x,
X COS X,. are odd functions.

(1) The Euler*s formula for even function is

do 0
f(X) =------- + 2 an consnx
2 n=1
2 x 2 «n
where ap = ---- | f(x) dx ; an = ------ [ £ (x) cosnx dx
0

T 0 T



(2) The Euler*s formula for odd function is
f (x) = 2 bn sin nx
n=1
2 «n
where by =-------- [ £(x) sin nx dx
0
Example 6

Find the Fourier Series for f (xX) = x in (- «, ®)
Here, f(x) = x is an odd function.

o f(x) = E bn sin nx Q)
n=1

2 n
bn = ----- | f (x) sin nx dx
T 0

o 2(-1)m

~.F (X)= 2sin nx
n=1 n

" 2 ( o 1)n+1

i.e, Xx=2>[Isinnx
n=1 n

Example 7

N\~




Expand f (xX) = |x] in (-%, 7) as FS and hence deduce that

1 1 1 e
------ e e Lt
12 3? 52 8
Solution

Here f(x) = |x| is an even function.

do o
S PX) = - + 2. an cos nx
2 n=1
2 T
a0 = ----- | f(x) dx
T 0
2 Y
= - [ x dx
P 0
2 X2 T
= emmmmm - =TT
i 2 0
2
an = - | f (X) cos nx dx
T 0
2 x sin nx
= - IX g [ ——
n O n
e
2 sin nx — C0S NX
SRREREE (% [ — S ) J——
T n n
s
2 cos nnl 11
n  n n
2
an =--—[(- 1) "~ 1]
nn?
T w 2
o (X)= - + 2[(-1)" - 1] cos nx
2 "=l mn?
i 4 COS X c0S3x

C0SbXx

1)



T 4 1 1 1
0= —mmmm e - + oo + oo S
2 T 12 3? 52
1 1 1 °
Hence, + + - + = e
12 3? 52 8
Example 8
2X
Iff(x)= 1+---—--- in(-m,0)
T
2X
R in(0,m)
T

Then find the FS for f(x) and hence show that 3 (2n-1)? = n%/8
n=1
Here f (-x) in (-=,0) = f (X) in (O,x)
f(-x) in (0,7) = f (X) in (-%,0)

.. f(x) is a even function

aO ]
Let f(X) = -------- + 2. an CoS nNX Q).
2 n=1
2 n 2X
=--] 1 dx
T 0 T
2 22w
= X —
T 21 0



Il [ L cos nx dx
T 0 T
2 . 2X sin nx
= - [ 1—eeee d --oomeeeee
n O T n {
2 2X sin nx -2 — cosnx
= {1 e mmmmmm e e mmmmmmm e
0
T T n T n2
4
an =---——-[(1- (- 1)"]
n°n?
w 4
~F(X)= 2X0[1- (- 1)"cos nx
n=1 thn
4 2C0S X 2C0S3X 2C0s5x
= e e A I + .. e 2

2 1 1 1
"""" S2 et et
4 12 32 52
1 1 1 2
==> -m---- + - + —-mee- + = e
1? P 5 8
[°e) 1 T[2
or z ... S
=l (2n-1) 8
Example 9

Obtain the FS expansion of f(x) = x sinx in (-t < x<m) and hence deduce that



Here f (x) = xsinx is an even function.

a-0 [e]
Let f (X) = -------- + 2 an oS nx (1)
2 n=1
2
Now, ao = ----- [ xsin x dx
P 0
2n
S [xd (- cosx)
T 0
2 T
e (X) (- cosx) — (1) (- sin x)
T 0 {
ap=2
2 =
an = - | T (X) cos nx dx
P 0
2 =
= eme- | x sin x cosnx dx
P 0
1 =
= [ x [sin (1+n)x + sin (1 —n)x] dx
0
T
1 =« — oS (1+n)x cos (1 —n)x
= oo D g e
n 0 1+n 1-n
1 —cos (1+n)x cos (1 —n)x —sin (1+n) sin (1 ~n) x
= e (X) -ememmemnmenn — emmemneenmece- B S
T 1+n 1-n (1 +n) (1 —|n)?
1  —mcos (1+n)n ncos(l-n)w
T 1+n 1-n

- [cosm cosnz - sin &t sinn] [cosm cosnm - sin 7t sin nx ]



(1+n) (-1D)"+ (1—-n) (-2)"

1-n?
2(-1)"
an = --------- , Provided n =1
1-n?
Whenn=1
2 1
ap = ----- [ x sinx cos x dx
0
T
1 x
= — [ x sin2x dx
P 0
1 x - C0S2X
= [xd -
n O 2
1 — COS 2X -sin 2X T
R (X) =-=-==----- —(1) -
T 2 4 0

Therefore, a1 = -1/2

aO ©
f (X)= ------- + a1 COSX + 2, anCOS nNX
2 n=2
1 o 2(-1)"
=1 — - COSX + Y[ lcosnx
2 "1
1 COS2X COS3X COS4X
ie, X sinx =1 — ------ COS X —2 - e + e
2 3 8 15

Putting X = ©/2 in the above equation, we get

T 1 1 1



2 1.3 35 5.7
1 1 1 -2
Hence, ------ — ------ N — — = e
1.3 15 5.7 4
Exercises:

Determine Fourier expressions of the following functions in the given interval:

Lf(X)=7n/2+ X, -t1<x<0
ml2-X,0<Xx<m

ii. f(x) =-x+1 for+ -t <x<0
x+lforO<x<mn

iii. f(x) = |sinx|, - n< X <m
iv. f{(x) =x3in-n<x<n

v. f(X) = Xcosx, -n<x<m
vi. f(X) = |cosx|, -t <X <T

2sinar sinx  2sin2x  3sin3x

HALF RANGE SERIES
It is often necessary to obtain a Fourier expansion of a function for the range
(0, =) which is half the period of the Fourier series, the Fourier expansion of such a
function consists a cosine or sine terms only.

(i) Half Range Cosine Series

The Fourier cosine series for f(x) in the interval (0,r) is given by

do 0
f(x)= ---- + X ancosnx
2 n=1

2 n



where ap = ------- [f(x) dx  and
P 0

2 =
an = ------- J f(x) cosnx  dx
P 0
(i) Half Range Sine Series

The Fourier sine series for f(x) in the interval (0,r) is given by
(e8]

f(x) =2 bn sinnx
n=1
2 n
where bp = ------- Of f(x) sinnx  dx

Example 10
If ¢ is the constant in ( 0 < x < &) then show that
c= (4¢/m) {sinx+ (sin3x/3) +sin5x/5) +............

Given f(x) =cin (0O,n).

Let f(x) = 2 bn sinnx 2> Q)
n=1

2 n
N — [ (x) sin nx dx
0
T
2 n
SR [ ¢ sin nx dx
T 0
2c - cosnx T
T n 0

bn=(2c/nn) [1-(-1)"]

o0



s fx) = Zzl(ZCInn) (1-(-1)") sinnx

4c sin3x sinbx

T 3 5
Example 11

Find the Fourier Half Range Sine Series and Cosine Series for f(x) = x in the interval
(O,m).

Sine Series
o0
Let fx) = X bn  sinNX---mmmmmeee- (1)
n=1
2 - 2 .
Here bn = ------- [ f(x) sinnxdx = ------- [ xd (-cosnx / n)
7T 0 T 0
2 - cosnx - sinnx T
= - (X)) - B () ————
T n n? 0
2 - (-1)"
T n
2(-1) ™
P
n
® 2
fx)=> - (-)™!sinnx
n=1 n
Cosine Series
ao ©
Let f(X) = ---- + X @ COSNX--------------- )
2 n=1
2 1
Here ag=-------- [ £(x)dx
0

T



S | xdx
P 0
2 X2 T
= mmm——— —-_— = T
T 2 0
2 n
8 = =mmmmmmmmmeee [ f(x) cosnx dx
0
7T
2 n
8 = mmmmmmmmmmene [xd(sinnx/n)
0
T
2 sinnx - COShX T
= - (X)) e )
T n n? 0
2
an = @ --——-- -D)"-1
n’r
T © 2
fx) = -+ 20 (-1D)"- 1] cosnx
2 n=1l n°n
n 4 COSX COS3X COS5X
D = S + - o
2 = 12 32 52

Example 12

Find the sine and cosine half-range series for the function function .
fx)=x, 0<x<an/2

=7-X, T/2<X< T

Sine series
o0
Let f (x) = 2 bn sin nx.
n=1



T

bn= (2/7) [ f (x) sin nx dx

0
/2 s
=(/n) [xsinnxdx +][(n-x) sinnx dx
0 /2

/2 -C0S NX T -C0S NX
=(2/n) [x.d +I(n-x)d0 %
n /2 n
_—
/2
-C0S NX -sin nx
= (2/m) % { J -(1)
n n?
N—

0

T

CO0S NX sin nx
+ (1) - (1) -
/2

n n?

ﬁn/Z)cos n(n/2) sin n(nlzﬂ (n/2)cosn(n/2)  sin (n/2)
- @ k n ' n J_ n ) n2

{ 23inn(n/2)}
= (2In)x ————
n2

4
= sin (nm/2)
n’m
o sin(nm/2)
Therefore, f(X)=(4/n) X sin nx
n=1 n?

sin3x sinbx
ie, T(X)=(4/n) sinx— + —




3? 52

Cosine series
o0
Let f(x) = (a0 /2) +2 an cosnx., where
n=1

T
a0 = (2/m) [ () dx
0

7i/2 T
=(2/n) [xdx+ ] (m-x) dx
0 7i/2

/2 T
=(2/n) (X32) + (mx—x?/2) = /2
0 /2

T
an = (2/m) | (x) cosnx dx
0

/2 T

=(2/n) [xcosnx dx + [ (n-x) cosnx dx
0 Tt/2

/2 (sinnxX T« sinnx
=2/n) Ix d{ J+ [ (m-x) d
0 n /2 n

/2
sinnx -CoSNX
=(2In x{ J -(1){ J
n n?
0
T
sinnx cosnx
+ (n%) 1) -
n n? /2
( w/2) sinn(m/2) cos n(rn/2) 1

= (2/n) i —



cosnx  ( w/2) sinn(n/2) cos n(w/2)
+ — - +
n2 n n

2

fcosn (n/2) - {1+(-1)"}
=(2Ir)
n2
o  2cosn(n/2)- {1+(-1)"}

Therefore, f(xX)= (n/4)+(2/%) 2 CoSNX .
n=1 n?

= (n/4)-(2/m) cos2x+

Exercises

1. Obtain cosine and sine series for f(x) = x in the interval 0< x < 7. Hence show that 1/12
+1/32+ 1/5% + ... = /8.

2.Find the half range cosine and sine series for f(x) = x? inthe range 0 < x <n
3.Obtain the half-range cosine series for the function f(x) = xsinx in (0,r)..
4.0btain cosine and sine series for f(x) = x (n-X) iIn0< X <7
5.Find the half-range cosine series for the function
6.f(x) = (nx) / 4, 0<x< (n/2)
= (n/4)(n-X), /2 < X < T.
7.Find half range sine series and cosine series for
f(x) = x in 0<x< (1/2)
=0inm/2<x<m.
8.Find half range sine series and cosine series for the function f(x) == = - x in the interval

O<x<m.
9.Find the half range sine series of f(x) = x cosx in (0,x)



10. Obtain cosine series for
f(x) = cosx, 0<x<(m/2)

=0, t/2<X<m.

Parseval’s Theorem
Root Mean square value of the function f(x) over an interval (a, b) is defined as

b
[ [f(x)]? dx
[f )] rms = a
b—a

The use of r.m.s value of a periodic function is frequently made in the
theory of mechanical vibrations and in electric circuit theory. The r.m.s value is
also known as the effective value of the function.

Parseval’s Theorem

If f(X) defined in the interval (c, c+27 ), then the Parseval®s Identity is given by

cH2m - a02 1
2 -
Cj[f(x)] dx = (Range) o+ — Y (a+Dbn?) J
. 4 2
—(m) ao? 1
T+ 7 Y (an®+by?)
L4 2

Example 13

Obtain the Fourier series for f(x) =x?in—n<x<mn

Hence show that 1 + 1 +1 +. . _ =
14 2t 3 90
21 4 (-1)"
we have a,= 3, an = n? , bn=0, for all n (Refer Example 2).

By Parseval*s Theorem, we have

T a0? o



[ [fOP? dx =21 — +%Y (an? + bnd)

-7 4 n=1
T 4t » 16(-1) 2"
ie, [ x* dx =2n| — +12 %
- 36 =loop
NG
T ( nt o 1
i.e, LS =2n] — +8 —
5 |-t L9 =Lt
T n4 o 1 {
= — +8 z _
5 9 n=1 n4
0 1 71:4
=> R =
n=1 n4 90
Hence 1 +1 +1 + . _
14 24 3 90

CHANGE OF INTERVAL

In most of the Engineering applications, we require an expansion of a given
function over an interval 2/other than 2.

Suppose f(x) is a function defined in the interval c< x < c+2£ The Fourier
expansion for f(x) in the interval c<x<c+2/(is given by

ao o0 nmX nmX
fx) = - +>  an coS---- +by sin--
2 n=1 [ [
1 c+2 [
where ag= ----- [ f(x)dx
[ c
1 c+2 [
I R— [ f(x) cos (nmx / [)dx &
[ c
1 c+2 [
b= ----- [ f(x) sin (nnx / [) dx



Even and Odd Function

If f(x) is an even function and is defined in the interval ( c, c+2 [) then

a © nmx
fx) = - + 2 an COS ----
2 n=1 [
2 [
where ag= ----- [ f()dx
[ 0
2 [
I J— [ f(x) cos (nmx / [) dx
[ 0

00 nmX
f(x) = > bn sin ----
n=1 [
where
2 [
bpn= ----- | f(x) sin (nnx / [) dx
[ 0
Half Range Series
Sine Series
00 NmX
f(x) = > bn sin ----
n=1 [
where
2 [
bp= ----- [ £(x) sin (nnx / £) dx
[ 0
Cosine series
ao 0 nmX
fx) = - + 2 anCos ----



where ap =  ---- I f(x)dx
[ 0
2 [
an= - [ (x) cos (nmx / ) dx
[ 0
Example 14

Find the Fourier series expansion for the function

f(xX) = (c/O)x in0<x<(
= (c/0)(2L- X) In (<x<2¢

ao o nmx nmxX
Let f(x)=---- + 2 an COS ------ + b sin ------
2 ™ ) )
1 20
Now, ap = ----- [ f(x)dx
[ 0
1 Y 20
= ee- (c/0) [ x dx + (c/0) ] (20 -x) dx
L 0 L
1 Iy 20
= - (c/t) (xz/zg + (c/0) (213x-x2/2)E {
L
C
=-—-f2=¢
EZ
1 20
an= - [ £(x) cos (nmx / € ) dx
(N
1 L nmXx 20 nmXx
=—  [(c/0)x cos dx + | (c/0)(2L-X) cos dx
() § § L
c L sin(nmtx /0) 20 sin(nntx /0)
=— Jxd —  +]@t-x)d

2 0 nm /L e nw /L



£
e - X ) - nex ) N
sin — -C0S —
c L L
= — | <oy W ——— >
2 nn n’m?
e N C
\ \_ g J g J Yy,
Conmx ) nmx )
sin — -C0S —
L L
+ QXN (I
nx n2m2
[} Z
g J J
C €2 cosnm 2 €2 cos2nt L2 cosnr
=— I + — +
0? n’n? n’n? n’n n’n?
C ?
=— — {2cosnn—2}
> n’rl
2C
=— {(-1)"-1}
n’m?
1 20 nmx
bh= — [ f(x).sin dx
£ 0 L
1 L nmX 28 nmx
=—  [(c/Ox sin dx + [ (c/0)(2L-X) sin dx
£ 0 £ £ £
c L cos(nmx /€) 20 cos(nmx /¢)
=—  [xd - + ] @e-x)d - ——
2 0 nm /¢ L nm /¢

J

20

J



e
4 s nmx 7 nmx N
cos ___ sin —
C L 0
= — [y _
v nn g
L 02
\_ - J
N\ /0 N
NmX < NnX N |20 -
cos — sin —
L L
ey - —(-1)<_4 S J
nn n2x?
§ ?
J
~ ¢ .
c 2 cosnn 2 cosnn
= — — +
(2 nm nmw
= 0.
C 2c » {(1)"-1}
Therefore, f(x) = --- + --—-  X[cos (nnx /L)
2 TCZ n=1 r]2
Example 15
Find the Fourier series of periodicity 3 for f(x) = 2x —x?,in 0 <x < 3.
Here 20 = 3.
L 0=3/2.
a o 2nmX 2n7X
Let f(x)=---- + 2 an COS ------ + b sin ------
2 ™ 3 3

3
where a,=(2/3) ] (2x - x?) dx
0

= (2/3) 2 (x%/2) - (<13) dx { }
0



an= (2/3) I3 (2X - X?) €OS -------- dx
0 3
3 sin(2nnx /3)
=@2/3)]@2x-x¥)d |———
0

(2nm/3)
sin(2nnx /3) cos(2nmx /3) sin(2nnx/3)
=2/3) 2Xx-X)|——|-@2-2%) |-——— |+(-2) - —
(2n7/3) (4nn?/9) (8nn%/27)
=(2/3) -(9/n’m®)— (9/2n?x?) =-9/n’r?
3 2nmX
b= (2/3) | (2x - x?) sin--------- dx
0 3
3 cos(2nnx /3)
=@/3)](2x-x¥)d -
0 (2nn/3)

3

= (2/3) (2x - x?) _COM %) - sin(2nnx 13) (2 cos(2nnx/3)
(2nn/3) (4n m/9) (8n°n%127)
0

=(2/3) (9/2nn) — ( 27/ 4n®r®) + ( 27/ 4n’n)
=3/nxn
o 2nmX 2nmX
Therefore,  f(x)= le - (9/n?r?) cos ------ +(3/nm) sin ------
"= 3
Exercises
1.Obtain the Fourier series for f(x) = ax iN0 < x < 2.
2.Find the Fourier series to represent x? in the interval (-4 /).

3.Find a Fourier series in (-2, 2), if
f(x)=0,-2<x<0



=1,0<x<2
4.0btain the Fourier series for
f(x) =1-xin0<x< /[
=0 in [<Xx<2[ Hencededuce that
1-(13)+(/5) - (/D +...=7/4 &
(1/1%) + (1/3%) + (1/5%) + ... = (n%/8)

5.If f(x) = nx, O<x<l1
=7(2-X), 1 <x <2,

Show that in the interval (0,2),

COS X COS3mX  COS 57X
f(x) = (n/2) — (4/7) --------- + e + -meee- + .
2

6.0ODbtain the Fourier series for

f(x)=xin0<x<1
=0inl<x<2

7.0Obtain the Fourier series for

fX)=(cx/)in0<x< [
=/l @2/-x)inl<x<2/[.

8. Obtain the Fourier series for

f(x)=(+x),-[<x<0.
=([-x),0<x<(

o0 1 T
Deduce that > -------- = -
1 (2n-1)? 8

9.0btain half-range sine series for the function

f(x) = cx iNn0<x<(//2)
c(—x)in(l2)<x<[

10. Express f(x) = x as a half — range sine series in0 < x < 2

11.0btain the half-range sine series for e*in 0 <x < 1.



12.Find the half —range cosine series for the function f(x) = (x-2)? in the interval
O<x<2

o0 1 TEZ
Deduce that ) I — = -
1(2n-1)? 8

Harmonic Analysis

The process of finding the Fourier series for a function given by numerical values
is known as harmonic analysis.

do @
f(X) = ------- + 3 (an cosnx + by sinnx), where
2 n=1
ie, f(X) = (a0/2) + (a1 cosx + b1 sinx) + (a2 cos2x + by sin2x) +
(a3C0S3X + basin3x)+... -------------=- (1)
23 f(x)
Here ag = 2 [mean values of f(x)] = -----------
n
2 Y f(x) cosnx
an = 2 [mean values of f(X) COSNX] = -----nnnnnnrmmrmemm-
n
2 Y f(x) sinnx
&  bn =2 [mean values of f(x) SiNNX] = =------------------
n

In (1), the term (aicosx + bz sinx) is called the fundamental or first harmonic,
the term (a2cos2x + b2sin2x) is called the second harmonic and so on.

Example 16

Compute the first three harmonics of the Fourier series of f(x) given by the
following table.

0

/3

21/3

T

47/3

5m/3

21

X:
f(x):

1.0

1.4

1.9

1.7

1.5

1.2

1.0

We exclude the last point x = 27

Let f(x) = (a0/2) + (a1 cosx + by sinx) + (a2 cos2x + by sin2x) +

To evaluate the coefficients, we form the following table.




X f(x) COSX sinx C0S2X sin2x c0os3X sin3x
0 1.0 1 0 1 0 1 0
/3 14 0.5 0.866 -0.5 0.866 -1 0
2m/3 1.9 -0.5 0.866 -0.5 -0.866 1 0
T 1.7 -1 0 1 0 -1 0
4m/3 1.5 -0.5 -0.866 -0.5 0.866 1 0
S5n/3 1.2 0.5 -0.866 -0.5 -0.866 -1 0

2 > f(x) 2(10+14+19+1.7+15+1.2)
Now, ap = = =29
6 6
2 > f(x) cosx
a = =-0.37
6
2 > 'f(x) cos2x
A2 = -mmmmmm e =-0.1
6
2 Y f(x) cos3x
as = =0.033
6
2 > f(x) sinx
b = =0.17
6
2 > f(x) sin2x
by = -------------------- = -0.06
6
2 > f(x) sin3x
b3 = =---memememememeeee- =0
6

- f(x) = 1.45 - 0.37cosx + 0.17 sinx — 0.1cos2x — 0.06 sin2x + 0.033 cos3x+...

Example 17

Obtain the first three coefficients in the Fourier cosine series for y, where y is
given in the following table:

X: 0 1 2 3 4 5

y: 4 8 15 7 6 2
Taking the interval as 60°, we have

0: 0° 60° 120° 180° 240° 300°

X: 0 1 2 3 4 5

y: 4 8 15 7 6 2

.. Fourier cosine series in the interval (0, 27) is

y = (a0 /2) + a1€0S0 + a,c0s20 + a3c0s30 + .....

To evaluate the coefficients, we form the following table.




0° coso €0s20 c0s30 y y c0sO y c0s20 | y cos360

0° 1 1 1 4 4 4 4

60° 0.5 -0.5 -1 8 4 -4 -8

120° -0.5 -0.5 1 15 -7.5 -7.5 15

180° -1 1 -1 7 -7 7 -7

240° -0.5 -0.5 1 6 -3 -3 6

300° 0.5 -0.5 -1 2 1 -1 -2
Total 42 -8.5 -4.5 8

Now, ap = 2 (42/6) = 14

a1 =2(-85/6)=-2.8

a2=2(-45/6)=-15

as =2 (8/6) = 2.7

-~y =7-2.8co0s0-1.5c0s20 + 2.7 cos30 + .....

Example 18

The values of x and the corresponding values of f(x) over a period T are given
below. Show that f(x) = 0.75 + 0.37 cosO + 1.004 sin®,where 6 = (2nx )/T

X: 0 T/6 T/3 T/2 2T/3 5T/6 T
y: 1.98 1.30 1.05 1.30 -0.88 -0.25 1.98
We omit the last value since f(x) at x = 0 is known.
Here 6 = 2nix
.

Let f(x) = F(0 ) = (ao/2) + a1 cosO + by sinod.

To evaluate the coefficients, we form the following table.

When X varies from 0 to T, 0 varies from 0 to 2xt with an increase of 27 /6.

0 y coso sin® y c0sO y sinf

0 1.98 1.0 0 1.98 0

/3 1.30 0.5 0.866 0.65 1.1258

271/3 1.05 -0.5 0.866 -0.525 0.9093

I1 1.30 -1 0 -1.3 0

47/3 -0.88 -0.5 -0.866 0.44 0.762

51/3 -0.25 0.5 -0.866 -0.125 0.2165
4.6 1.12 3.013

Now, a0 =2 (¥ f(x) / 6)= 1.5




a; =2 (1.12/6) = 0.37
a; = 2 (3.013/6) = 1.004

Therefore, f(x) = 0.75 + 0.37 cosO + 1.004 sino



Exercises
1. The following table gives the variations of periodic current over a period.

t(seconds) : O T/6 T/3 T2 2T/3 5T/6 T

A (amplitude): 1.98 130 1.05 130 -0.88 -0.25 1.98

Show that there is a direct current part of 0.75 amp in the variable current and obtain the
amplitude of the first harmonic.

2.The turning moment T is given for a series of values of the crank angle 6° = 75°

6° : 0 30 60 90 120 150 180

T® : 0 5224 8097 7850 5499 2626 0
Obtain the first four terms in a series of sines to represent T and calculate

T for 6 = 75°

3. Obtain the constant term and the co-efficient of the first sine and cosine terms in the

Fourier expansion of ,,y* as given in the following table.
X ; 0 1 2 3 4 5
Y ; 9 18 24 28 26 20

4. Find the first three harmonics of Fourier series of y = f(x) from the following data.
X:0° 30° 60° 90° 120° 150° 180° 210° 240° 270° 300° 330°
Y : 298 356 373 337 254 155 80 51 60 93 147 221

Complex Form of Fourier Series

The series for f(x) defined in the interval (c, c+2m) and satisfying

0 -inx
Dirichlet”s conditions can be given in the formof f(x)= ) cne
n=-oo
where , c2m _
cn= 1 [ f(x)e T™dx
2n °

In the interval (c, c+2£), the complex form of Fourier series is given by
Y inmX
fx) = Ycne !

n=-co

where, Ca= e [ f(x) e dx



Example 19

Find the complex form of the Fourier series f(x) =e *in-1<x<1

We have

o0 inmXx
fx) = Yecne
N=-00
where

| -inmX
Ch = | e* e dx
-1

1 -(+inmx

e dx
-1

= 1 e-(1+inn)x 1
2 |- (I+inm)| 4
= 1 .
2 (l+inm) e (Finmx_g (+inm

Ch =

N |~

= (l-inm) [e?(cosnm—isinnm)-e (cosnm+isinnm)]
-2 (1+nn?)

= _(l-inm) cosnm(el-e)
-2 (1+n?m?)
(1-inm)

........... (-1)" sinh1
(1+n?m?)

Cn:

' o  (1-inm)
100 =

S et (-1)" sinhl e
n=- o (1+n2n2)

Example 20

Find the complex form of the Fourier series f(x) = e*in -t <x <m.

o0
We have f(x) = Y Cpe'™
n=-o
1 T
R [ f(x) e =™ dx

2n -7

where C,



= - [ e e ™dx
2n-T
1 i

= . Ie(l-in)xdx
2n -1

1]
[\
S
D
~
N
L.l 5
S X
N
-/
a

1 [ e(1-in)n e- (1-in) n]
27(1-in)
(1+in)
C J— [e"(cosnm—isinnm)—e ™ (cosnm+isinnm)]
2n(1+n)?

(1+in) (-D)".e™—e™

o (-1)"(1+in)sinhx
f(X) — z e i nx

n=-o (1+n’n

Exercises

Find the complex form of the Fourier series of the following functions.
1Lf(x) =e®, -[<x< [

2.f(x) = cosax, - <X < .

3.f(x) =sinx,0 <x <.

4f(x)=eX, -1<X< 1

5.f(x) = sinax, a is not an integer in (-xt, 7 ).



SUMMARY (FOURIER SERIES)

A Fourier series of a periodic function consists of a sum of sine and cosine terms.
Sines and cosines are the most fundamental periodic functions.The Fourier series is
named after the French Mathematician and Physicist Jacques Fourier (1768 — 1830).
Fourier series has its application in problems pertaining to Heat conduction, acoustics,
etc. The subject matter may be divided into the following sub topics.

FOURIER SERIES

A 4 \ 4 \ 4 \ 4

Series with Half-range series Complex series Harmonic Analysis

arbitrary period

EORMULA FOR FOURIER SERIES

Consider a real-valued function f(x) which obeys the following conditions called
Dirichlet™s conditions :

1. f(x) is defined in an interval (a,a+2l), and f(x+2I) = f(x) so that f(x) is a periodic
function of period 2I.

2. f(x) is continuous or has only a finite number of discontinuities in the interval
(a,a+2l).

3. f(x) has no or only a finite number of maxima or minima in the interval (a,a+2l).

Also, let

1a+2l

%=1 [ f(x)dx €3]
1a+a2If |(n72'\\| ]

8, =7 f (x) cos \T)X X, n=123... (2)
a+2l (nﬂ'\

b t | fsinl — xdx, n=123.....(3)

ol N,

%, " cos(mﬂx+b sin(nﬂx

(4)

Then, the infinite series

72 (7). T



is called the Fourier series of f(x) in the interval (a,a+2l). Also, the real numbers ao, a1,
a2, ....an, and by, b2, ....bn are called the Fourier coefficients of f(x). The formulae (1),
(2) and (3) are called Euler*s formulae.

It can be proved that the sum of the series (4) is f(x) if f(x) is continuous at x. Thus we
have

0

f(x) = P, acos ""lx+b sin r”ﬂx ....... (5)

7 %0 (1) .
Suppose f(x) is discontinuous at X, then the sum of the series (4) would be
% [f oy +060)]
where f(x*) and f(x’) are the values of f(x) immediately to the right and to the left of f(x)
respectively.

Particular Cases

Case (i)

Suppose a=0. Then f(x) is defined over the interval (0,21). Formulae (1), (2), (3) reduce
to

12|
8 =7 [ £ xx
11z? (n7)
8= f (x) cos| Ujld)x, n=12,....0 (6)

b, :}le f (x)sin(| nﬂlxdx,
LY

Then the right-hand side of (5) is the Fourier expansion of f(x) over the interval (0,2).

If we set I=m, then f(x) is defined over the interval (0,2x). Formulae (6) reduce to

2r

ao:;!f(x)dx

127r
— | f(x)cosnxdx
% 7[5 ) , n=12,....0 (7)

1 2r
by r[ f(x)sinnxdx ~ n=12,.....0

T

Also, in this case, (5) becomes

f(x) =

0 ~ .
+ 8 cosnx +h, sin nx (8)

n=1

| 2



Case (ii)

Suppose a=-I. Then f(x) is defined over the interval (-1, I). Formulae (1), (2) (3) reduce
o

1! n=12,...... 0 9)
a, = I—j f (x)dx
Hl

1 nz 1! _(n7z)
a,- T_II f(x) COS{U)de b,— rI_ If ) sm|u_x%x,

Then the right-hand side of (5) is the Fourier expansion of f(x) over the interval (-1, ).

If we set | = =, then f(x) is defined over the interval (-x, ). Formulae (9) reduce to

1 T
ER —;_J;f(x)dx

171'
— | f(X)cosnxdx
& 7[_'[ ) : n=1,2,....0 (10)

1 T
b,=— i =1,2,.....
n ﬂ:[rf(x)sm nxdx n 0

Putting | =t in (5), we get

aO .
f(x) = ?Jf *&  cos nx +h, sin nx

Some useful results :

1. The following rule called Bernoulli*s generalized rule of integration by parts is useful

in evaluating the Fourier coefficients.
uvdX =uv,— uUv+UuyVv +.....

2 3
Here u’, u’,..... are the successive derivatives of u and

_ v, = |vdx,v, = | vdX,...... (cos nx )
We illustrate the erIez, through the Follggglﬁsg\exam%{alegm nx\| o |

XSlnnX
(e2§\ e (e“\) (Ke“q

jxeézxdx XT_2_|—3x|_4_|+6x|_g_|—6|_}@|
N, J U ) U )



2. The following integrals are also useful :

ax

jeax cos bxdx = # [acosbx + bsinbx]

ax

jeaxsin bxdx = #[asinbx —bcosbx]

3. If,n"is integer, then
sinnt=0, cosnwt = (-1)", sin2nmt = 0, cos2nm=1

ASSIGNMENT
1. The displacement y of a part of a mechanism is tabulated with corresponding angular
movement x° of the crank. Express y as a Fourier series upto the third harmonic.

X2 0 30 60 90 120 150 180 210 240 270 300 330
y 180 110 030 0.16 150 130 216 125 130 152 176 2.00

2. Obtain the Fourier series of y upto the second harmonic using the following table :

X0 45 90 135 180 225 270 315 360

y 4.0 3.8 24 2.0 -1.5 0 2.8 3.4

3. Obtain the constant term and the coefficients of the first sine and cosine terms in the
Fourier expansion of y as given in the following table :

X 0 1 2 3 4 5

y 9 18 24 28 26 20
4. Find the Fourier series of y upto the second harmonic from the following table :

X 0 2 4 6 8 10 12

Y 9.0 18.2 24.4 27.8 27.5 22.0 9.0
5. Obtain the first 3 coefficients in the Fourier cosine series for y, where y is given below

X 0 1 2 3 4 5
y 4 8 15 7 6 2



UNIT -1

APPLICATIONS OF PARTIAL DIFFERENTIAL
EQUATIONS

INTRODUCTION

In Science and Engineering problems, we always seek a solution of the
differential equation which satisfies some specified conditions known as the boundary
conditions. The differential equation together with the boundary conditions constitutes a
boundary value problem. In the case of ordinary differential equations, we may first find
the general solution and then determine the arbitrary constants from the initial values. But
the same method is not applicable to partial differential equations because the general
solution contains arbitrary constants or arbitrary functions. Hence it is difficult to adjust
these constants and functions so as to satisfy the given boundary conditions. Fortunately,
most of the boundary value problems involving linear partial differential equations can be
solved by a simple method known as the method of separation of variables which
furnishes particular solutions of the given differential equation directly and then these
solutions can be suitably combined to give the solution of the physical problems.

Solution of the wave equation

The wave equation is

Let y=X(X) . T(t) be the solution of (1), where ,,X* is a function of ,x“ only and ,,T* is a
function of ,,t* only.

0%y %y
Then — =XT" and — =X"T.

ot? ox?

Substituting these in (1), we get

XT'=a2X"T.

e, — = ).



Now the left side of (2) is a function of ,,x* only and the right side is a function of ,,t* only.
Since ,,x* and ,,t* are independent variables, (2) can hold good only if each side is equal to
a constant.

X" T
Therefore, = =k (say).

X a’T
Hence, we get X" —kX=0 and T"—a?KT=0-----mmn-mmmnm- Q3).

Solving equations (3), we get
(i) when k™ is positive and k = A2, say

X=cre™ + ¢ e ™

T =cse®™+ ¢4 e
(i) when k™ is negative and k = —A?, say

X =C5 COSAX + Cg Sin AX
T = c7 cosait + cg sin ait

(iii)  when ,.k* is zero.

X =Cg X+ C1o
T=cuut+c

Thus the various possible solutions of the wave equation are

y= (Cl e Cr e- XX) (C3 @t 4 Cs € -akt) (4)
y = (C5 COSAX + Cg Sin AX) (C7 cosaAt + Cg SinaAt) -------------- (5)
y = (Co X + C10) (C11t+ C12) (6)

Of these three solutions, we have to select that particular solution which suits the
physical nature of the problem and the given boundary conditions. Since we are dealing
with problems on vibrations of strings, ,,y* must be a periodic function of ,,x* and ,,t™.

Hence the solution must involve trigonometric terms.
Therefore, the solution given by (5),

i.e, y=/(Cs5COSAX + Cs SiNn AX) (C7 cOsakrt + Cg Sin ait)



is the only suitable solution of the wave equation.

llustrative Examples.

Example 1

If a string of length ¢ is initially at rest in equilibrium position and each of its points is

given

oy X
the velocity {—J = Vo Sin — , 0 < X < {. Determine the displacement y(X,t).
ot Jt=0 ¢

Solution

The displacement y(x,t) is given by the equation

o’y &’y
— =a (1)

ot ox°

The boundary conditions are
i. y(,)=0,fort>0.
i y(L,t) =0, for t > 0.
il y(x,0) =0, for 0 <x < L.

oy X
iv. — = VoSin— ,for0<x<{.
ot Jt=0 e
Since the vibration of a string is periodic, therefore, the solution of (1) is of the form
y(x,t) = (Acosix + BsinAx)(Ccosiat + Dsin\at) ------------ (2
Using (i) in (2) , we get

0 = A(Ccoshat + DsinAat) , for all t > 0.



Therefore, A=0
Hence equation (2) becomes

y(x,t) = B sinAx(CcosAat + DsinAat)------------ (3)

Using (ii) in (3), we get

0 = BsinAt (CcosAat + DsinAat), for all t > 0, which gives AL = n.

nm
Hence, A= — ,nbeing an integer.
¢
nmx nmat nnatw
Thus, y(x,t) = Bsin Ccos + Dsin (4)
f 0 ¢

Using (iii) in (4), we get

nmX
0 = Bsin .C
L
which implies C=0.
N7TX nrat
y(x,t) = Bsin . Dsin
e 0
N7TX nrat
= Basin .sin , Where B1= BD.
10 0
The most general solution is
o0 nmx nrnat
y(x,t) = > Bn sin sin (5)
n=1 e e

Differentiating (5) partially w.r.t t, we get

oy 00 nmx nmat nma
____ = X2 Bnsin .COS .
ot n=1 10 e e




Using condition (iv) in the above equation, we get

X o0 nma nmX
VoSin— =Y By .sin
L n=1 L £
X mta X 2ma 21X
i.e, VosSin — = B:. . sin + B2. . Sin + -
£ L L L L

Equating like coefficients on both sides, we get

mta 2na 3na
Bl - = Vo, BZ . = O, Bg = 0’ ....... .
L L L

Vol
ie, Bi=——— By =B3=Bsg =Bs = --ecerieeiiiiinnnn. =0.
a

Substituting these values in (5), we get the required solution.
Vol X nat

sin . sin
mta £ £

ie, yxt)=

Example 2

A tightly stretched string with fixed end points x = 0 & x = { is initially at
rest in its equilibrium position . If it is set vibrating by giving to each of its points a
velocity
oylot = kx(€-x) at t = 0. Find the displacement y(x,t).

Solution
The displacement y(x,t) is given by the equation
%y 2y

— =a (1)
ot OX?

The boundary conditions are



i. y@O¢t)=0,fort>0.
i. y(Lt)=0,fort>0.
iii.  y(x,0)=0,for0<x<L.

ay
Iv. — =kx(€ —x), for 0 <x < L.
otJt=0

Since the vibration of a string is periodic, therefore, the solution of (1) is of the form
y(x,t) = (Acosix + Bsinix)(CcosAiat + DsinAat) ------------ (2)
Using (i) in (2) , we get
0 = A(Ccoshat + DsinAat) , forall t > 0.
which gives A =0.
Hence equation (2) becomes
y(x,t) = B sinAx(CcosAat + DsinAat)------------ (3)
Using (ii) in (3), we get
0 = BsinAt(CcosAat + DsinAat), for all t > 0.

which implies AL = nm.

nm
Hence, A= —— ,nbeing aninteger.
10
nmx nrat nnatw
Thus, y(x,t) = Bsin Ccos + Dsin 4)
e e EJ
Using (iii) in (4), we get
nmX
0 = Bsin -C
10
Therefore, C=0.
nmXx nmat
Hence, y(x,t) = Bsin Dsin
0 e
nmx nmat
= Bssin .sin , Where B1= BD.

¢ ¢



The most general solution is

oy nmXx nmat
y(x,t) = 2 Bn sin sin (5)
n=1 L L
Differentiating (5) partially w.r.t t, we get
oy 00 nmx nmat nma
—— = X Bnsin .C0S
ot n=1 L L
Using (iv), we get
0 nna nmX
kx(€-X) =X Bh. . sin
n=0 L
nma 2 nmx
ie, Bh—= — [ f(x).si— dx
0 ¢t 0 e
2 L nmx
ie, Bn =— [ f(x).sin__ dx
nma O L
2 L nmx
= — [ kx(t—x) sin— dx
nra O L
nmX
L —C0S—
2k [ 0
= —  J(x-x®d
nta O nux
10
 nax ) ~ X
-C0S — -sin —
2k L L
=— (Ix-x3d - (£-2X)
nna nm n’m®
T -
- /




2k -2cosnTm 2

nra n’r® n’r®

02 02

2k 203
=— . {1 - cosnnt}
nra nérd

4 k8
ie, Bn= {1- (-1
n*n* a

8k
or Bn = , ifnisodd

n*n* a

0, if niseven
Substituting in (4), we get

0 8ke3 nmat Nmx
y(x,t) = 2 sin—— sin——
N=13.5....... n*z* a L L
Therefore the solution is
8ke® o I (2n-1)nat (2n-1)nx
yix,t) == X sin sin
©a n=1 (2n-1)* ) e

Example 3

A tightly stretched string with fixed end points x = 0 & x = { is initially in a
position given by y(x,0) = yosin®(nx/0). If it is released from rest from this position, find
the displacement y at any time and at any distance from theend x =0 .

Solution

The displacement y(x,t) is given by the equation

%y o’y
—=d (1)
ot? OX?




The boundary conditions are
MHyOH=0vt>0.
(i) y(€,t) =0, ¥V t > 0.

(i) ( oy
— =0, for0<x<{.
t=0

ot
(iv) y(x,0) = yo sin®((nx/0), for 0 <x <¢.

The suitable solution of (1) is given by

y(X,t) = (Acosix + BsinAx)(CcosAat + Dsin\at) ------------ (2
Using (i) and (ii) in (2) , we get
nm
A=0 & A=—
£
nmxX nrat nmat
y(x,t) =B sin (Ccos + Dsin ) ---m-me- (3)
£ L L
oy NmX nmat nma nmat  nma
Now, — = Bsin - Csin + Dcos
ot £ L L L L
Using (iii) in the above equation , we get
nmX nma
0 =Bsin D
L L
Here, B can not be zero . Therefore D = 0.
Hence equation (3) becomes
nmXx nmrat
y(x,t) =B sin . Ccos
£ L
nmxX nmat
= Bssin . COS , Where B1 =BC
£ £

The most general solution is
00 nmX nmat




y(x,t) = X BnsiA—— cos 4)

n=1 L L
Using (iv), we get
nm 0 nmX
yosin® = > Bpsin
L n=1 L
0 nmx 3 X 1 31X
ie, 2 Bnsin —  =yp sin sin
n=1 L 4 L 4 0
X 27X 3nX
i.e, Bisin— +Bysin — +Bzsin— + ....
L L L

3Yo X Yo 3nx
= sin - sin
4 L 4 L

Equating the like coefficients on both sides, we get

3Yo -Yo
Bi= — ,Bs= ,B2=Bs=...=0.
4 4
Substituting in (4), we get
3Yo X mat Yo 3nx 3rmat
y(x,t)= — sin — .c0S — - — sin— .C0S —
4 e e 4 e e

Example 4

A string is stretched & fastened to two points x = 0 and x = { apart.
Motion is

started by displacing the string into the form y(x,0) = k(£x-x?) from which it is
released at
time t = 0. Find the displacement y(x,t).

Solution
The displacement y(x,t) is given by the equation
%y o’y
—=d (1)
ot? ox?

The boundary conditions are



(i) y(O,) =0, V t > 0.
(i) y(,H) = 0, V t > 0.

(i) ( oy
—_— =0,forO<x<{.
ot Jt=0

(iv) y(x,0) = k(tx — x?), for 0 <x < {.

The suitable solution of (1) is given by

y(x,t) = (Acosix + Bsinix)(CcosAat + DsinAat) ------------ 2
Using (i) and (ii) in (2) , we get
nm
A=0 & r=—.
L
nmtX nmat nrwat
y(x,t) =B sin (Ccos + Dsin ) ----mme- (3)
e e e
oy nmX nmat nma nmat  nma
Now, — = Bsin - Csin + Dcos .
ot e e e 10 L
Using (iii) in the above equation , we get
nmX nma
0 =Bsin D
e e
Here, B can not be zero
D=0
Hence equation (3) becomes
nmx nmat
y(x,t) =B sin . Ccos
0 10
nmXx nrat
= Basin . Cos , Where B; = BC
e ¢
The most general solution is
0 nmx nmat
y(x,t) = X Bnsin cos 4)




n=1 L
00 nmx

Using (iv), we get kx(Ix —x?) = X Bpsin
n=1 10

()

The RHS of (5) is the half range Fourier sine series of the LHS function .

2 0 NmtX
" Bn=— [f(x).sin dx
¢ J )
0
nmX
L -COS—
2k [ (tx-x3)d L
= ) nm
L 0 —
L
- N
nmX
-c0s ——
2k L
= — (Ix-xdd - (£-2x)
e nn
. v
~ N
nmX
cos —
+(-2) t
i’
£3
\_ /
2k | -2cos nx 2
= — )7+
[y nr’ nrs
¢ Nk
2k 208
= — .— {1-cosnm}
¢ nrd
4k 0?
ie, Bn = —3 {1- -1)"}

n’n




8k 2

or Bn ={ n’x® | ifnisodd
0, if niseven
o 8ke? nmat NmX
Syt =2 cos Sin
n=odd n®r® e i
8k o 1 (2n-1)nat (2n-1)nx
or y(x,t) = 2 cos .sin
m® n=1 (2n-1)3 ) e
Example 5

A uniform elastic string of length 2 is fastened at both ends. The
midpoint of the string is taken to the height ,,b* and then released from rest in
that position . Find the displacement of the string.

Solution
The displacement y(x,t) is given by the equation
0%y &’y

— =@’ (1)
ot OX?

The suitable solution of (1) is given by
y(x,t) = (Acosix + Bsinix)(CcosAat + DsinAat) ----------- (2)

The boundary conditions are

(i) y(0,) =0, V t > 0.
(i) y(£,0) = 0, V t > 0.

(iii)( oy
— | =0, for0<x<2L.

ot Jt=0



0(0,0) 0 B(2¢,0) X

(b/0)x 0<x<t

(iv) y(x,0) =
-(b/0)(x-20), L<x<2L

[Since, equation of OA is y = (b/0)x and equation of AB is (y-b)/(0-b) = (x-£)/(2£-£)]

Using conditions (i) and (ii) in (2), we get

nm
A=0 & A=
2L
nmx nmat nmat
y(x,t) = B sin (Ccos + Dsin—— ) =-------e- (3)
20 20 20
oy NmX nmat nma nmat  nna
Now, = Bsin - Csin +Dcos—
ot 20 20 2¢ 200 2¢

Using (iii) in the above equation , we get

N7X nra
0 =Bsin D
20 20

Here B can not be zero, therefore D = 0.
Hence equation (3) becomes

nmx nmat
.Ccos
20 20

nmx nmat

y(x,t) =B sin



= Basin cos — , where B; = BC
20 20
The most general solution is
oy nmX nmat
y(x,t) = X Bnsin oS (4)
n=1 20 20
Using (iv), We get
00 nmtX
y(x,0) = > Bn.sin (5)
n=1 20
The RHS of equation (5) is the half range Fourier sine series of the LHS function .
2 20 nmx
. Bn= — [f(x).sin dx
20 J 20
0
1 L nmX 20 nmx
=— [ f(x) . sin dx + [ f(x).sin dx
¢ ) 20 J 20
0 )
1 t b nmx 20 -b nmx
== [(— x si—— dx + [ —(x-20) sin dx
¢ J e 20 J 20
0 e
4 NITX ™) ~ nmx  ~
L | -cos— 2L -C0S —
1 b [ 20 b [ (x-20)d Y
=T J xdl -— ) —
L ¢ 0 nm [ nm
20 20
~ ~ - Y
\
[ O ohx ) e _ nmx ) ¢
oS —— —sin
1 b 20 20
S e (€3] it B R -
t L nw nm
ot 4¢2
L _ o / ~ / 0



nmw nmw nmw nm

-Lcos — sin — Ccos— sim—
b 2 2 2 2
_nn? nn 2
42 20 402
= J
Therefore the solution is
0 nmrat nmX
y(x,t) = > 8bsin(nm/2) cos sin n=1—

n’m? 24 20

Example 6

A tightly stretched string with fixed end points x =0 & x = U is
initially in
the position y(x,0) = f(x). It is set vibrating by giving to each of its points a
velocity

oy

—— =g(x)att=0. Find the displacement y(x,t) in the form of Fourier series.
ot

Solution

The displacement y(x,t) is given by the equation

%y %y
— =a’ (1)
ot? OX?




The boundary conditions are
() y@O,t)=0,vt>0.
(i) y(¢,t) =0, V t > 0.
(iii) y(x,0) = f(x) , for 0 < x < L.

@iv)[ du
— | =g(x), for0<x< L.
ot Jt=0

The solution of equation .(1) is given by

y(x,t) = (Acosix + Bsinix)(CcosAat + DsinAat) ------------ (2)

where A, B, C, D are constants.
Applying conditions (i) and (ii) in (2), we have

nrw
A=0 and A= T

Substituting in (2), we get

nmX nrat nrat
y(x,t) = B sin (Ccos + Dsin )
L e e
nmXx nrat nrat
y(x,t) = sin (B1cos + Dz sin ) where B; = BC and D1 =BD.
L L L

The most general solution. is

o0 nmnat nrat nmx
y(x,t)= > Bncos—— + Dp.sin .sin (3)
n=1 e e )




Using (iii), we get

00 nmX
f(x) = X Bn.sin 4)
n=1 £

The RHS of equation (4) is the Fourier sine series of the LHS function.

2 0 nmXx
. Bn=— [f(x).sin dx

¢ J §

0
Differentiating (3) partially w.r.t ,,t™, we get

oy 0 nmat nma nmat nma nmX
- = -Bn sin—— + D .COS rmrrrrmecsvesierieinn Sin——
ot n=1 e e ¢ ¢ e

Using condition (iv) , we get

e nna nmX
gx) = X~ Dn . sin )
n=1 e e

The RHS of equation (5) is the Fourier sine series of the LHS function.

nma 2 1 nmX
“Dp. — = — (g(x).sin dx

L ¢ ) L

0
2 L NnmX

= Dn=—— (g(x).sin dx

nra J L

0

Substituting the values of B, and Dy in (3), we get the required solution of the
given equation.

Exercises
(1) Find the solution of the equation of a vibrating string of length ,,¢, satisfying the
conditions

y(0,t) = y(L,t) =0 and y = f(x), oy/ot =0 att = 0.

(2) A taut string of length 20 cms. fastened at both ends is displaced from its position of
equilibrium, by imparting to each of its points an initial velocity given by



V=X in0<x<10
=20-x in10<x < 20,
,.X" being the distance from one end. Determine the displacement at any subsequent time.

(3) Find the solution of the wave equation
ou ou

- = C2
ot? oX?
corresponding to the triangular initial deflection f(x) = (2k/t) x when 0< x< £/2
= (2k/0) (£ —x) when £/2< x< €,

and initial velocity zero.

(4) A tightly stretched string with fixed end points x = 0 and x = £ is initially at rest in its
equilibrium position. If it is set vibrating by giving to each of its points a velocity dy/ ot
=f(x)

at t = 0. Find the displacement y(x,t).

(5) Solve the following boundary value problem of vibration of string

i. yObH=0
i.  y(LH)=0
oy

iii. (x,0) =x (x — £), 0< x< L.
ot
iv. yx0)=x in0<x<(/2

=0—-xin{/2< X< L.
(6) A tightly stretched string with fixed end points x = 0 and x = £ is initially in a

position given by y(x,0) = k( sin(rmtx/ ) — sin( 2nx/L)). If it is released from rest, find the
displacement of ,,y** at any distance ,,x* from one end at any time ,,t".

Solution of the heat equation

The heat equation is

ot OX?

Let u=X(x) . T(t) be the solution of (1), where ,,X* is a function of ,,x* alone and ,,T*“ isa
function of ,,t* alone.



Substituting these in (1), we get

XT =ao?X"T.
XH T!

i.e, = 2).
X o’T

Now the left side of (2) is a function of ,,x* alone and the right side is a function of ,t*
alone. Since ,,x" and ,,t* are independent variables, (2) can be true only if each side is
equal to a constant.

XH T!
Therefore, = =k (say).
X o’T
Hence, we get X" —kX =0 and T'— 0?KT=0----nnnmmmmnmmv (3).

Solving equations (3), we get

(i) when k™ is positive and k = A2, say

X=c1e™+ cpe ™

22

T=cse*!

(i) when k™ is negative and k = —A?, say

X = €4 COSAX + Cs5 Sin AX

22

T=cee **

(iii) when ,,k* is zero.

X=c7X+cCg
T=c¢o

Thus the various possible solutions of the heat equation (1) are

22
u=(re™+ ce *cze**t 4)
22
U =(C4COSAX + CsSiNAX)Cee U7 (5)

u = (c7 X+ Cg)Cy (6)



Of these three solutions, we have to choose that solution which suits the physical
nature of the problem and the given boundary conditions. As we are dealing with
problems on heat flow, u(x,t) must be a transient solution such that ,,u” is to decrease with
the increase of time ,,t*.

Therefore, the solution given by (5),
22

U= (Ca COSAX + C5SINAX) Co € ~ ¢ ™!

is the only suitable solution of the heat equation.

Illustrative Examples
Example 7

A rod ,,0 cm with insulated lateral surface is initially at temperature f(x) at an
inner point of distance x cm from one end. If both the ends are kept at zero temperature,

find the temperature at any point of the rod at any subsequent time.

v

Let the equation for the conduction of heat be
ou o
ot ox?
The boundary conditions are
Q) u@t) =0, Vt>0
@i) u(t) =0, Vt>0
@iii) ux0=f(x),0<x<¢

The solution of equation (1) is given by

2 2
u (x,t) = (A cosix + B sinix) e @ * ! 2




Applying condition (i) in (2), we have

0=Ae ** ' which givesA=0

s u(Xt) = B sinAx e @22t (3)
22
Applying condition (ii) in the above equation, we get 0 = BsinAl e @ *
nm
i.e, AM=nm Or A =-----mmmmmmm- (n is an integer)
L
-I']ZTL',ZOL2
nmTX t
Sou(Xt) = B sin ------—-- e (2
L
Thus the most general solution is
N2
o0 nmx t
u(xt) = X Bnsin --------- e (2 (4)
n=1 ﬁ
By condition (iii),
o0 NnmX
u (x,0) = 2 BpSin------------- =f (x).
n=1 L

2 nnx
Bn=------ [ £(X) sin--------- dx
[ L
Substituting in (4), we get the temperature function
2202
o 2 nmX nmX t
ut) = - [ £ (x) sin -----—- dx  sin =-------- e 0
=g 0 § e
Example 8
ou o
The equation for the conduction of heat along a bar of length € is ------ =2 -------

ot OX?



neglecting radiation. Find an expression for u, if the ends of the bar are maintained at
zero temperature and if, initially, the temperature is T at the centre of the bar and falls
uniformly to

zero at its ends.

X P
A B
Let u be the temperature at P, at a distance x from the end A at time t.
ou 22U
The temperature function u (x,t) is given by the equation ------ = O —mmmmmee- R 1)
ot ox?
The boundary conditions are
Q) u(@t) =0, vt> 0.
(i) u(t) =0, vt >D0.
ux,00 1 A(L/2,T)
T
B(£,0)
0(0,0) L ¢ X
2Tx L
u(x,0) = ---------- ,for0<x< -----
e 2
2T e
= memmeeeee- (€ - x), for------ <X<{
e 2
The solution of (1) is of the form
22
u (x,t) = (A cosix + B sinix) e @ 't (2)

Applying conditions (i) and (ii) in (2), we get



A=0& )\ = —-—----
L
-n2n2a2
nmx t
Sou(x,t) =Bsin --------- e 2
L
Thus the most general solution is
-nzTCZOLZ
0 nmXx t
Sou (X,t) = > Bpnsin -----—---- e 22 (3)
n=1

Using condition (iii) in (3), we have

0 nmXx
u (x,0) = Bnsin 4)
n=1 L
We now expand u (x,0) given by (iii) in a half — range sine series in (0,€)

2 NmX
Here Bp = ------ [ u (x,0) sin -==----- dx
¢ 0 L
2 w2 2TX nmx ¢ 2T nmx
ie, By = ] [ J— O e — (B — dx
e o ¢ e vz ¢
nmX nmX
- COS ----m--n- - COS ----mmmmmm-
AT ) p £ 0 L
= - IV JRES——— AL I ———
2 nm/L 02 nm/C
nmX nmX
- COS --------- -Sin ------moe- €2
4T L L
= e (X) ==-mmmmmmmmmmmeee- —(1) e +
(2 nm/¢ n?n?/(2




- COS =----=--- = SiN -=-eneeee- €
L L
(=) =eommmmmeeeeees - (1)
nm/C nm?/0?
€2
4T -2 nm ? nm 02 nm | €2
= e e COS ------- R sin ------- + -meeee COS ----- e sin
2 2nm 2 nn? 2 2nm 2 n’n?
4T 202 nm
= sin
(2 nn? 2
8T nm
Bn = -----m--- sin-------
n’m? 2
Hence the solution is
n2.2 2
o 8T nm nmX “_I’jjt“(_x““ t
uXt) =2 ---------- sin -------- Sin---------- e 2
"=l el 2 ¢
or
o 8T nm n7x ___r_‘:_zfc_z_(_{z___ t
u(xt) = ---------- SiN - sin --------- e
oD n§:3,5... N2 2 0 ?
or
-0 (2n-1)%n?
................. t
8T - (1™ (2n-1)7x 02
u (x,t) = --------- I SiN-------m-m-moeo- e
w ™ (2n-1)? e

Steady - state conditions and zero boundary conditions

Example 9

A rod of length ,,£* has its ends A and B kept at 0°C and 100°C until steady state

conditions prevails. If the temperature at B is reduced suddenly to 0°C and kept so while

that of A is maintained, find the temperature u(x,t) at a distance x from A and at time ,,t".

The heat-equation is given by



ot oX?
Prior to the temperature change at the end B, when t = 0, the heat flow was
independent of time (steady state condition).

When the temperature u depends only on X, equation(1) reduces to

o2
________ =0
OX?
Its general solutionis u=ax+b 2
100
Since u =0 for x =0 & u =100 for x = {, therefore (2) givesb=0 & a = ---------
L
100
~U(X,0) = - X, for0<x<¢
L

Hence the boundary conditions are

(i) u (0,1) =0, vV t>0

(i) u (€,t) =0, vV t>0
100x

(ii) u (x,0)  =--mmemmee- ,forO<x<?t
¢

The solution of (1) is of the form

U (1) = (A cosh x + B sinix) e %t 3)

Using, conditions (i) and (ii) in (3), we get

nm
A=0&A\=--—---
L
-n2n2a2
nmtx t
~ou(x,t) =Bsin --------- e 2
L
Thus the most general solution is
2,22

-N“m A



Suxt) = Zl Bn Sin --------- e 0 (4)

) NnmtX
u (x,0) = X Bn sin ---------
n=1 E
100x o nmx
ie, ------- =2 Bnsin ---------
[y n=1 [y
2 £ 100x nmx
=>B, =  —— T dx
L0 L L
nmx
- COS --------
200 ¢ L
S [ x d -
2 0 nm
£
nmx nmx
0 — ] e —
200 L L
= - (X) =-mmmmmmmmmeeee- — (1) -

2 nm n?m?

e 2

200  —¢?
= COoS N7t
2 nm

200 (-1) ™

Hence the solution is




» 200 (-1) ™1 nnX -n’rlo t

uxt) = Zl -------------- Sin ---------- e ?
n=

Example 10

A rod, 30 c.m long, has its ends A and B kept at 20°C and 80°C respectively, until
steady state conditions prevail. The temperature at each end is then suddenly reduced to
0°C and kept so. Find the resulting temperature function u (x,t) taking x = 0 at A.

The one dimensional heat flow equation is given by

ou U
------- = O -mmmmeee- el ()
ot OX?
ou
In steady-state, ------ =0.
ot
o2u
Now, equation (1) reduces to =0 2
G
Solving (2), weget u=ax+b 3)

The initial conditions, in steady — state, are

u=20,when x=0
u=380,when x=30

Therefore, (3) gives b = 20,a = 2.

Su(X)=2x+20 (4)

Hence the boundary conditions are
Q) u@t =0, V1t>0
@i u@op=0 Vit>0
(i)  u(x,00=2x+20,for0<x<30

The solution of equation (1) is given by
2 2

U (X,t) = (A cosh X + Bsinix) g o » 7777 )

Applying conditions (i) and (ii), we get



A=0,A = , where ,,n" is an integer
30
-o’n?m?
nmX --------- t
Lu(xt)y=Bsin---e - 900
---------- ---- (6)
30

The most general solution is

OLZnZﬂZ
o NX ----------- t
LUK =X Basin @emmeeee- 900
n=1 30
Applying (iii) in (7), we get
© nmX
u(x,0) =2 Bnsin---------- =2x+20, 0 <x < 30.
n=1
30
2 30 nnx
" Bn  =---- [ (2x+20) sin-----mmm-- dx
30 ° 30
nmX
- COS ----------
1 30 30
SR |2 G 0) s IR ————
15 0 nm
30
n7tX n7tX
- COS ---------- - sin ------
1 30 30
= - (2x+20) -----m-mmmmmmmeeeen —(2) -
15 nmn n’n?

30




1 —2400 cosnm[ 1600

o NS —_—-— —F
15 nr nmw
40
By =--r-{1-4 (- 1)}
nw
Hence, the required solution is Y s
-a°N°m
o 40 ()7 —
u(X,) =2 - {1-4(-1)"}sin-—e .. 900

n=1 nrJ30

Steady-state conditions and non—zero boundary conditions
Example 11

The ends A and B of a rod 30cm. long have their temperatures kept at 20°C and
80°C, until steady—state conditions prevail. The temperature of the end B is suddenly
reduced to 60°C and kept so while the end A is raised to 40°C. Find the temperature
distribution in the rod after time t.

Let the equation for the heat- flow be

ou o2u
------- S - (1)
ot OX?
22U
In steady-state, equation (1) reduces to -------- =0.
ox?
Solving, weget u=ax+b @)

The initial conditions, in steady—state, are

u=20, whenx= 0
u =80, when x =30

From (2),b=20&a=2.

Thus the temperature function in steady-state is



ux)=2x+20 3)

Hence the boundary conditions in the transient—state are
Q) u@Ot)=40, Vvt>0
(i) u(@30t) =60, Vt>0
@iii)  u(x,0)=2x+20,for0<x<30

we break up the required funciton u (x,t) into two parts and write

u (X,t) = us (X) + ut (X,t) 4)

where us (X) is a solution of (1), involving x only and satisfying the boundary
condition (i) and (ii). ut (x,t) is then a function defined by (4) satisfying (1).

Thus us(X) is a steady state solution of (1) and ut(x,t) may therefore be regarded
as a transient solution which decreases with increase of t.

To find us(x)
22U
we have to solve the equation---------- =0
ox?
Solving, we get us(x) =ax+b (5)

Here us(0) = 40, us(30) = 60.
Using the above conditions, we get b = 40, a = 2/3.
2

Us(X) e x+ 40 (6)
3

To find ui(x,t)
Ut ( X,t) = u (X,t) — us (X)
Now putting x =0 and x = 30 in (4), we have
ur (0,t) =u(0,t) —us(0) = 40-40=0
and ut (30,t) =u (30,t) —us (30) = 60-60=0
Also ut (x,0) = u (x,0) — us (X)

2
= 2X + 20 —---------- 40
3
4
e x—20



Hence the boundary conditions relative to the transient solution ut (x,t) are

ut (0,t) =0 (iv)
U (30,6) = 0 W)
and  ut(x,0) = (4/3) x—20-------------- (vi)
We have -0’2t
Ue(X,t) = (Acosix + € Bsinix)
-------------- (7)

Using condition (iv) and (v) in (7), we get

nm
N R e —
30

Hence equation (7) becomes

-a2n2n2
X————¢
ut (x,t) =Bsin---—-€ - 900
30
The most general solution of (1) is
an’n?
© NTX e t
u(X,t) =2 Bnsin----e -~ 900
------------------ (8)
n=1 30
Using condition (vi) ,
0 nmX
Ut (x,0) =2 BnSin--------- = (4/3) x-20, 0 < x < 30.
"= 30
2 30 nnx
S By = [ {(4/3) x-20} sin --------- dx

30 O 30



1 —600 cosnr 1600

- 15 nm nm

—-40
e {1+cosnn}

nmw
40 {1+ (1"}

orBn =0,whennisodd

------- , when n is even

o0
Su () =X e sin - ----
n=2,46,... nnJ30

Sou (Gt = us (X) + ue (x,1)

2 80 1 nrex:

ie, u (x,t) = ------ X + 40 — ------ 2lsin--e
3 n=2,4,6,.. n 30



Exercises

(1) Solve du/ét = a? (6%u /0x?) subject to the boundary conditions u(0,t) = 0,
u(l,t) =0, u(x,0) = x, O< x< .

(2) Find the solution to the equation du/ét = a? (6°u /0x?) that satisfies the conditions
i. u(0,t) =0,

ii. u(ll)=0,vt>0,
ii.  u(x,0) =xfor0< x<1/2.
=|-xforl/2<x<|.

(3) Solve the equation du/ot = o (6°u /0x?) subject to the boundary conditions
i.u(0,t) =0,

i. u(l)=0,vt>0,

iii.  u(x,0)=kx(I-x),k>0,0<x<I.

(4) A rod of length ,,1* has its ends A and B kept at 0° C and 120° C respectively until
steady state conditions prevail. If the temperature at Bis reduced to 0° C and kept sowhile
that of A is maintained, find the temperature distribution in the rod.

(5) A rod of length ,,I has its ends A and B kept at 0° C and 120° C respectively until
steady state conditions prevail. If the temperature at Bis reduced to 0° C and kept sowhile
10° C and at the same instant that at A is suddenly raised to 50° C. Find the temperature
distribution in the rod after time ,,t*.

(6) A rod of length ,,I has its ends A and B kept at 0° C and 100° C respectively until
steady state conditions prevail. If the temperature of A is suddenly raised to 50° Cand
that of B to

150° C, find the temperature distribution at the point of the rod and at any time.

(7) Arod of length 10 cm. has the ends A and B kept at temperatures 30° C and 100° C,
respectively until the steady state conditions prevail. After some time, the temperature at
A is lowered to 20° C and that of B to 40° C, and then these temperatures are maintained.
Find the subsequent temperature distribution.

(8) The two ends A and B of a rod of length 20 cm. have the temperature at 30° C and
80° C respectively until th steady state conditions prevail. Then the temperatures at the
ends A and B are changed to 40° C and 60° C respectively. Find u(x,t).

(9) A bar 100 cm. long, with insulated sides has its ends kept at 0° C and 100° C until
steady state condition prevail. The two ends are then suddenly insulated and kept so. Find
the temperature distribution



(10) Solve the equation du/ot = o (6°u /6x?) subject to the conditions (i) ,,u™ is not
infinite
ast oo (ii)u=0forx=0and x =« V t (iii) u= nx — x% fort = 0 in (0, ).

Solution of Laplace’s equation(Two dimentional heat equation)

The Laplace equation is
0%u o%u
— + — =0
ox? oy?

Let u=X(x).Y(y) be the solution of (1), where ,,X** is a function of ,,x* alone and ,,Y* is
a function of ,,y* alone.

U 22U
Then — =X"Y and — =. XYY"

ox? oy?

Substituting in (1), we have
X"Y+XY"=0
XH YH
e, —— = - -
X Y
Now the left side of (2) is a function of ,,x* alone and the right side is a function of ,,t*

alone. Since ,,x" and ,,t* are independent variables, (2) can be true only if each side is
equal to a constant.

X" Y"
Therefore, — =—-—— =k(say).
X Y
Hence, we get X" —kX=0 and Y"+ kY =0 -----------—--- (3).

Solving equations (3), we get

(i) when , k" is positive and k = A2, say
X =cre™+ce ™
Y =3 COSAY + Ca Sin Ay

(i) when ,k“ is negative and k = —A2, say
X = €5 COSAX + Cs SiN AX
Y =c7e™+cge M



(i)  when ,.k* is zero.
X =Cg X+ C1o
Y =C11 X+ C12

Thus the various possible solutions of (1) are

u =(cLe™ + c2 e ™) (C3 COSLY + Ca SINAY) ---nnnnnn-=- (4)
U = (Cs COSAX + CsSinAX) (C7 €™ + Cg € M)--mmmmmmmmmen (5)
U = (Co X+ Ci0) (C11 X + C12) (6)

Of these three solutions, we have to choose that solution which suits the physical
nature of the problem and the given boundary conditions.

Example 12

An infinitely long uniform plate is bounded by two parallel edges x =0 & x = ¢
and an end at right angles to them. The breadth of this edge y = 0 is € and this edge is
maintained at a temperature f (x). All the other 3 edges are at temperature zero. Find the
steady state temperature at any interior point of the plate.

Solution
Let u (x,y) be the temperature at any point x,y of the plate.
U 22U
Also u (x,y) satisfies the equation -------- e =0 1)
ox? oy?
Let the solution of equation (1) be
u(x,y) = (A cos Ax + B sinix) (Ce™ + De™) ---(2)
YN y=o
TAVAVA\V/
x=0 x=10
0<x<?®
0< y <o
L
0 |y=0 X
f(x)
The boundary conditions are
M u(0,y) =0, forO<y<ow
(i)u(e,y)=0, forO<y<ow

(ii1) u (x, ) =0, forO<x<¢
(iv)u(x,0)=f(x), forO<x<t?



Using condition (i), we get
0=A (Ce" + De™)

ie, A=0

.. Equation (2) becomes,

u (X,y) = B sinix ( Ce"Y + De V) (3)
Using cndition (ii), we get
nm
e
e
N7 (nmy/€)  (-nmy/t)
Therefore, u (x,y) =B sin --------- {Ce + De } 4

nmX (- nmty/t)

0 nnx (- nmy/l)
u (x,y) =2 Bn Sin ------- == mm e (5)
n=1 L

Using condition (iv), we get

00 nmX
f(X) =2 Bn Sin ----(6)
n=1 L
The RHS of equation (6) is a half — range Fourier sine series of the LHS function.

2 ¢ N7mx
R =] I ppe— [ f(x). Sin -------- dx (7
L 0 i




Using (7) in (5), we get the required solution.

Example 13

A rectangular plate with an insulated surface is 8 cm. wide and so long compared
to its width that it may be considered as an infinite plate. If the temperature along short
edge y =0 is u(x,0) =100 sin (nx/8), 0 < x < 8, while two long edges x =0 & x =8 as
well as the other short edges are kept at 0°C. Find the steady state temperature at any

point of the plate.

Solution
The two dimensional heat equation is given by

o%u o4
— =0 e (1)

ox? oy?
The solution of equation (1) be

u (X,y) = (A cosix + B sinAx) (Ce"Y + De™) -(2)

The boundary conditions are
(MHu(,y) =0, forO0<y<o
@i u(8,y) =0, forO<y<o
(iii) u (x, ©) =0, for 0<x<8
(iv) u (x, 0) = 100 Sin (nx/8,) for0 <x < 8

Using conditions (i), & (ii), we get

nm
A=0,A-——----
8
nmX (nmy /8) (-nmy / 8)
~u(xy) = Bsin -------- Ce + De
8
(nmy/8) (-nmy / 8) nmX
= Bse + D1e Sin ---------- , Where B; = BC

8 D:=BD
The most general soln is
o0 (nmy / 8) (-nmy / 8) nmX
u(xy) =2 Bne + Dne sin (3)
n=1 8

Using condition (iii), we get B, = 0.



o0 (-nmy/8) nmX

Hence,u (x,y) =2 Dne sin 4
n=1 8

Using condition (iv), we get

X o0 nmx
100 sin --------- = Dpsin ---------
8 n=1 8
X X 21X 37X
i.e, 100 sin --------- = Dj sin ------- + D3 sin -------- + D3 sin --------- +.....
8 8 8 8

Comparing like coefficients on both sides, we get

D1 =100,D2=Ds3=......... =0
Substituting in (4), we get
(-my 1 8)
u(xy)=100e sin (nx / 8)

Example 14

A rectangular plate with an insulated surface 10 c.m wide & so long compared to
its width that it may considered as an infinite plate. If the temperature at the short edge y
=0isgiven by
u (x,0) = 20 x, 0<x <5
20 (10-x), 5<x<10
and all the other 3 edges are kept at temperature 0°C. Find the steady state temperature gt
any point of the plate.

Solution
The temperature function u (x,y) is given by the equation
o2u 22U
---------- + - =0 el )
ox? oy?
The solution is 2y )

u (x,y) = (A cosix + B sinix) (Ce  + De y) ................ )



The boundary conditions are

Hu@y =0,
(i) u (10,y) =0,
(i) u (x, ) =0,
(iv)u(x,0) = 20 x,
20 (10-x),
Using conditions (i), (ii), we get
nm
A=0&A= -
10

..Equation (2) becomes

for 0<y<w
for 0<y<w
for0<x<10
if 0<x<5
if 5<x<10

nmX (nmy / 10) (- nmy/10)
u(x,y) =Bsin ------ Ce + De
10
(nmty / 10) (- nmy/10) nmX where BDA[: BC,
= Bse + Dqe sin --------- =BD
10
.. The most general solution is
0 (nmy / 10) (- nmty/10) nmX
u (X1y) = Z Bne + Dpe SN = {.-(3)
n=1 10
Using condition (iii), we get Bn= 0.
.. Equation (3) becomes
o0 (- nmty/10) NmX
uxy)=2 Dne sin 4)
n=1 10

Using condition (iv), we get



e} nmX

u(x,00=% Dn sin

n=1 10

(%)

The RHS of equation (5) is a half range Fourier sine series of the LHS function

2 10 nnx
DN = ---mee- [ f(x) sin -=------- dx
10 © 10
f —
nmX nmx 5
2 - COS ===y - Sin -—-ppyp----
= - (20X) ------=-m-mmmmee- o CA0) B
10 nm n’n?
- 10 100 0
NnmTX nmX 1@
- COS ---------- - Sin -----m----
10 10
+ [20 (10—X)] -----------=-=mm-=- — (-20) ----m-mmmmmmmeeeees
nm n2m?
10 100 _5
J
nm
800 sin --------
2
e, D = ==mmmmeemcemmeoeceeeeee
n’n?
Substituting in (4) we get,
nm
800 sin --------
S 2 (-nmy / 10) nmx
U(Xy) =2 ---mmmmmmmmmmmmem oo e Sin---—-
ne n’n® 10

Example 15

A rectangular plate is bounded by the linesx =0, x=a,y=0&y=Dh.
The edge temperatures are u (0,y) =0, u (x,p) =0,u(a,y) =0 &




u (x,0) =5sin (5nx / a) + 3 sin (3nx / a). Find the steady state temperature distribution at
any point of the plate.

The temperature function u (x,y) satisfies the equation

Let the solution of equation (1) be
u (x,y) = (A cosix + BsinAx) (Ce™ + De %)  —oeemmmmeees @)

The boundary conditions are
MHu(@y) =0, forO<y<b
(i) u(ay) =0, forO<y<b
(i) u (x, b) =0, forO0<x<a
(iv) u (x,0) =5sin (5nx / a) + 3 sin (3nx / a), for0 < x < a.

\
y| y=b
x=0 X=a
O] y=0 X
Using conditions (i), (ii), we get

nm

A=0,A= -
a

nmX (nmy / a) (-nmy / a)

~u(xy) =Bsin -------- Ce + De
a
nmX (nmy/ a) (-nmy / a)
=sin -------- Bie + Die
a

The most general solution is

u(xy) =2 Bne + Dne sin (3)
n=1 a

o (nmy/ a) (-nmy / a) NmX {



Using condition (iii) we get

o (nmb / a) (-nmb / a) n7mX
0 = X Bne + Dne 1 R —
n=1
a
(nmh / a) (-nmtb / a)
==> Bye + Dpe =0
e (nmb / a)
Dy = By ----=mmmmmmmmmmm = - B,g(2N70 /2)
_o (nmb/a)

Substituting in (3), we get

© nmXx
u (X'y) = z Bne (nmy /a) _ Bne (2nb / @) e (-nny / a) o) 1 [ ——
n=1 a
© Bn nmx
=N o e(nny/a) e(-nnb/a) —e (2nmb / @) e (-nmy / a) e(-nnb/a) ] —
n=1 e(-nrsb)/a a
2 B, e(nn— (y-b)/a) _ e(-nTI: (y-b) / a) NmX
=2 sin
e(—nn-b/a) 2 a
2Bn nx (y—b) nnX
=D - sin h --------------- Sin -----------
e(—nn-b/a) a a
s nx (y —b) nmX
i.e, u(xy) =2 Cp sinh ----- sin 4)
n=1
a a
Using condition (iv), we get
SmX 31X % nx (-b) nmX
5sin -------- + 3 sin --------- =2 Cpsinh ------- Sin ------
a a n=1 a a
5mx 3mX o nrnh nmX
ie, 5 sin -------- + 3 sin --------- =2 -Chsinh ------ sin -------

a a n=1 a a



51X 3nX nh X 21th 21X
ie, 5sin ------ +3sin ------- = - Cy sinh ------ sin ------ - C2 sin h------ sin ------
a a a a a a

Comparing the like coefficients on both sides, we get

3nb
- Czsinh ------------ =3 &
a
5nb
- Cs sinh ------------ =5, Ci=C2=C4=Cs=...=0
a
-3 -5
==> C3= - & C5 = —---mmmmmme-
sinh (3nb /a) sinh(5ntb/ a)
Substituting in (4), we get
3 3 (y-b) 3mX
u(xy) = - ---m-m-mmee- sinh ------mm--- Sin ----------
sinh(3nb / a) a a
5 5n (y-b) 5mx
— e sin h ---------- Sin -----------
sinh(5ntb / a) a a
3 3n (b-y) 3mx
e,  u(Xy)= - sinh ----------- Sin ------=---
sinh(3nb / a) a a
5 5n (b-y) 5mx
t e sin h ----------- sin ------
sinh(5ntb / a) a a
Exercises
ou ou
(1) Solve the Laplace equation — + —— =0, subject to the conditions
aXZ ay2

. uOy =0forO<y<b



ii. u(ay)=0forO<y<b

.  u(x,p)=0for0O<x<a

iv. u(x,0) =sin’(nmx/a) 0 <x<a.
(2) Find the steady temperature distribution at points in a rectangular plate with insulated
faces and the edges of the plate being the lines x =0, x =a, y =0 and y = b. When three
of the edges are kept at temperature zero and the fourth at a fixed temperature o° C.

o2u o2u
(3) Solve the Laplace equation — + —— =0, which satisfies the conditions
OX? oy?
u(0,y) = u(l,y) = u(x,0) = 0 and u(x,a) = sin(nnx/1).
ou ou
(4) Solve the Laplace equation — + —— =0, which satisfies the conditions
8X2 8y2
u(0,y) = u(a,y) = u(x,b) =0 and u(x,0) = x (a—x).
U U
(5) Solve the Laplace equation — + —— =0, subject to the conditions
8X2 8y2
. u0y)=0,0<y<l ii. u(ly)=0,0<y<lI

. u(x,00=0,0<x<1l iv.u(x,l) =f(x),0<x<I

(6) A square plate is bounded by the linesx =0, y =0, x =20 and y = 20. Its faces are
insulated.

The temperature along the upper horizontal edge is given by u(x,0) = x (20 — x), when 0 <
X <20,

while other three edges are kept at 0° C. Find the steady state temperature in the plate.

(7) An infinite long plate is bounded plate by two parallel edges and an end at right
angles to them.The breadth is w. This end is maintained at a constant temperature ,,uo™ at
all points and the other edges are at zero temperature. Find the steady state temperature at
any point (x,y) of the plate.

(8) An infinitely long uniform plate is bounded by two parallel edges x =0 and x = |, and
an end at right angles to them. The breadth of this edge y =0 is ,,I" and is maintained at a
temperature f(x). All the other three edges are at temperature zero. Find the steady state
temperature at any interior point of the plate.

(9) A rectangular plate with insulated surface is 8 cm. wide and so long compared to its
width that it may be considered infinite in length without introducing an appreciable
error. If the temperature along one short edge y = 0 is given by u(x,0) = 100 sin(nx/8), 0
< X < 8, while the two long edges x = 0 and x = 8 as well as the other short edge are kept
at 0° C, show that the steady state temperature at any point of the plane is given by u(x,y)
=100 e™/8sin nx/8 .



(10) A rectangular plate with insulated surface is 10 cm. wide and so long compared to
its width that it may be considered infinite length. If the temperature along short edge y =
0 is given

u(x,0) = 8 sin(mx,/10) when 0 < x < 10, while the two long edges x = 0 and x = 10 as
well as the other short edge are kept at 0° C, find the steady state temperature distribution
u(xy).



UNIT-1V

FOURIER TRANSFORMS

Introduction

This unit starts with integral transforms and presents three well-known integral
transforms, namely, Complex Fourier transform, Fourier sine transform, Fourier cosine
transform and their inverse transforms. The concept of Fourier transforms will be
introduced after deriving the Fourier Integral Theorem. The various properties of these
transforms and many solved examples are provided in this chapter. Moreover, the
applications of Fourier Transforms in partial differential equations are many and are not
included here because it is a wide area and beyond the scope of the book.

Integral Transforms

The integral transform f(s) of~a function f(x) is defined by
~ b
f(s) = % f(x) K(s,x) dx,

if the integral exists and is denoted by I{f(x)}. Here, K(s,x) is called the kernel of the
transform. The kernel is a known function of ,,s* and ,,x*. The function f(x) is called the

inverse transform

of f(s). By properly selecting the kernel in the definition of general integral transform,
we get various integral transforms.

The following are some of the well-known transforms:

(i) Laplace Transform

L{f(x)} =g°f f(X) e - sx dx
(if) Fourier Transform
1 %
F{f()} = —— [f(x)e™ dx
\2n

(iii) Mellin Transform

M{f(x)} = Or f(x) x =1 dx



(iv) Hankel Transform
HLFOO} = 1) X In(s) lx,
0

where Jn(sx) is the Bessel function of the first kind and order ,,n".

FOURIER INTEGRAL THEOREM
If f(x) is defined in the interval (-£,£), and the following conditions

(i) f(x) satisfies the Dirichlet™s conditions in every interval (-{,t),

(i) J|f(x)|dx converges, i.e. f(x) is absolutely integrable in (-00,00)

00

are true, then f{(x) = (1 / n) [ [ ofo(t;o cosA(t-x) dt da..
0 -

Consider a function f(x) which satisfies the Dirichlets conditions in every interval (-£,0)
so that, we have

ao © nmX NnmX
f(x) = ----- +2 an COS---- +bp Sin------mmemeee- (1)
2 n=1 L L
1 L
where ap =----------- [ f(t) dt
L -t
1 ¢
an= - [ f(t) cos (nmt/ ¢ ) dt
L-€
1 ¢
and  bp= - [ £(t) sin (nnt/ €) dt
-

Substituting the values of ao, an and bn in (1), we get

1 { 1 o nm(t — x)
fx) = - [ft)dt + - ¥ [ f(t) coS---mmmmmmmv | — )
2¢ -L ¢n=1 -¢ ¢



Since, 1 {
----- [f)dt| < - [|f@®)dt,

2¢-¢ 2¢-¢
then by assumption (ii), the first term on the right side of (2) approaches zero as £ — .

As ¢ — oo, the second term on the right side of (2) becomes

1 ¢

] © o nn(t — x)
Lim -~ X ] f(t) cOS-------mem- dt
{t—>00 £ n=1 -0 £

1 0 )

Cim -2 AL [f(t) cos { n AL (t—x) } dt ,on taking (n / € =
AX.
AL—>0 w n=1 ~

By the definition of integral as the limit of sum and (nx/ €) =X as £ — oo, the second
term of (2) takes the form

1 oo oo

- [ [ f(t) cos & (t—x) dt d,

o™

Hence as ¢ — oo, (2) becomes
1 oo 00
fx) = -— | [ f(t) cosA (t—x)dtdr(3)
-o
T o
which is known as the Fourier integral of f(x).

Note:

When f(x) satisfies the conditions stated above, equation (3) holds good at a point
of continuity. But at a point of discontinuity, the value of the integral is (1/2) [f(x+0) +
f(x-0)] as in the case of Fourier series.

Fourier sine and cosine Integrals
The Fourier integral of f(x) is given by

l oo 00

f(x) = --J]f(t) cosh (t—x) dtdr

o™

1 o0 o0

= - J[f(t) { cosit . cosix + sinAt . sinAx } dt di

T o

1 o0 oo l e 2] 2%



= - ] cosix [ f(t) cosatdtdr +—/ sinAx [ f(t) sinit dt dAI(4)

T 0 o] o0

TT 0

When f(x) is an odd function, f(t) cosAt is odd while f(t) sinit is even. Then the first
integral of (4) vanishes and, we get

2 o0 o0
f(x) = — [ sinax] f(t) sinit dt dAI(5)
T 0 @

which is known as the Fourier sine integral.

Similarly, when f(x) is an even function, (4) takes the form

2 o0 2]
f(x) = — [ cosax | f(t) cosit dt drI(6)
T o e

which is known as the Fourier cosine integral.

Complex form of Fourier Integrals

The Fourier integral of f(x) is given by

1 o0 oo

--- [ T £(t) cos A(t — x) dt di

o

f(x)

1 w© o
— [ f@®) [ cosa(t—x)dr dt

T 0

Since cos A(t — x) is an even function of A, we have by the property of definite integrals

1 & 0
f(x) = --]f(t) (1/2)[cos A(t—x) dA dt
T -00 -00
l o0 oo
ie, f(x) = -—- [ [ f(t) cosi(t—x)dtdri(?)
2n

Similarly, since sin A(t —x) is an odd function of A, we have



00 00

0 = - [ ] f®) sinA(t—x)dtdrr(8)
2n 0%

Multiplying (8) by ,,i “ and adding to (7), we get
1 oo o0
fx) = - | [ f(t) e dt dr(9)

2n %"

which is the complex form of the Fourier integral.

Fourier Transforms and its properties
Fourier Transform

We know that the complex form of Fourier integral is

1 o0 o0
fx) = —— [ [f(t) e* ™ dtdn.
2TE =00 =00
Replacing A by s, we get

1 o OO
f(x) = —— Jeds [f(t)edt.
2 b
It follows that if
1 %
Fs) =—— [ f(t) & dt--mmmmmmmmm- (1)
2 ™=
1 %
Then, f(x) = —— [ F(s) e™ds ---mrrmmmmmeme- )
\2m

The function F(s), defined by (1), is called the Fourier Transform of f(x). The function
f(x), as given by (2), is called the inverse Fourier Transform of F(s). The equation (2)
is also referred to as the inversion formula.

Properties of Fourier Transforms
(1) Linearity Property

If F(s) and G(s) are Fourier Transforms of f(x) and g(x) respectively, then



F{a f(x) + bg(x)} = a F(s) + bG(s),

where a and b are constants.

1 o
We have F(s)=—— [ e f(x)dx
2
1 o0
Gis)=—— | e™g(x)dx
V27 - o0
Therefore,
1 oo
F{af(x) +bg(x)}= — [ e {af(x) + bg(x)}dx
27 - 0
1 o0 1 o0
=a—— | e¥fx)dx + b —— | e g(x)dx
21 - oo \27 - 0

a F(s) + bG(s)

i.e, F{af(x) + bg(x)} = a F(s) + bG(s)

(2) Shifting Property
() If F(s) is the complex Fourier Transform of f(x), then

F{f(x-a)} = e"2F(s).

1 o
We have FG)= —— [ e f(X) dX-mmmmmmmmmeeee- (i)
21 -
1 0
Now, F{f(x-a)} = —— [e™f(x-a) dx
21 -
Putting x-a = t, we have
1 o0
F{f(x-a)} =—— [e""df() dt.
21 -
1 o
= gis [ et f(t) dt.

21 -



= e F(s). (by (1)).

(i) 1f F(s) is the complex Fourier Transform of f(x), then
F{e'™ f(x) } = F(s+a).

1 o0
We have N O il (N ) — (i)
V27 - 0
1 oo
Now, F{e®™ f(x)} = [ e’ e f(x) dx.
21 -
1 oo
=7 [ f(x) dx.
\27 - 0
= F(s+a) by (i) .

(3) Change of scale property
If F(s) is the complex Fourier transform of f(x), then

F{f(ax)} =1/a F(s/a), a = 0.

We have F(s) = —1 Toeisx f(X) dX -mmmmmmmmmmmeeee (i)
21 -
1 o

Now, F{fax)} = — [e™f(ax) dx.
27 - 0

Put ax = t, so that dx = dt/a.

1 0
SF{f(ax)} = —— [e ™™ f(t) di/a.

27 - 0
1 1 0
= .| el f(t) dt .
a \2m-o

1



= — . F(sla). (by (i)).
a

(4) Modulation theorem.

If F(s) is the complex Fourier transform of f(x),

Then F{f(x) cosax} = ¥2{F(s+a) + F(s-a)}.
1 o
We have F(s) =—— [e™f(x) dx
21 - o0
1 00
Now, F{f(x) cosax} =—— [ e f(x) cosax. dx.
\27 - 0
1 0 eiax + e-iax
= —— [e™ fx) ———— dx.
21 -0 2
1 1 « 1 o
= —<—— [ f(x)dx + J e f(x) dx
2 |[\2r - V21 -0
1
= —{F(s+a) + F(s-a)}
2
(5) nt" derivative of the Fourier Transform
If F(s) is the complex Fourier Transform of f(x),
Then F{x" f(x)} = (-i)" d"/ds" .F(s).
1 00
We have F(s) = —— [ef(x) dx (i)

V21 - o0



Differentiating (i) ,,n* times w.r.t ,,s*, we get

d"F(s) 1 o
= — [ (@ix)". ™ f(x) dx
ds" V27 - 0

H" o
= — [ {X"f(x)}dx
V27 -0

()" F{X" f(x)}.

1 d"F(s)

= F{X"f(x)} :
" ds"
dn

ie, F{xX"f(x)} = (-)" F(s).
ds"

(6) Fourier Transform of the derivatives of a function.
If F(s) is the complex Fourier Transform of f(x),
Then, F{f,,(x)} =-is F(s) if f(x) > 0as x— + .

1 00
We have Fs) = —— [e™f(x)dx.
21 -

1 o
Now, F{f,(x)} = —— [ f,(x)dx.
27 - ©

1 0
=—— e d{f x)}.
\2m -

1 0 o
=— [eisx.f(x) -is ] f(x). e dx.
2% -0 -00



1 o0

= -is [ e f(x) dx , provided f(x) = 0
21 -0 asxX -+ oo,
=-1is F(s).
ie, F{f“(x)} =-isF(s) (i)

Then the Fourier Transform of f” (x),

1 0
e, F{ff"(x)}=——[e™f"(x) dx.
\2m - 0
1 0
=— [ d{f"x)}.
\2m - 0
1 0 0
= %iSX.f (%) -TE,(x). ¥ (is)dx.
\2r -0 -0
1 0
= -is [ e f,(x) dx , provided f ,,(x) =0
21 -0 asX -+ .

= - is F{f ,(x).}
= (-is).(-is)F(s).  by(i).
= (-is)? . F(9).

i.e, F{f“(x)} = (- is)? .F(s) , Provided f, £*— 0

asX— t .
In general, the Fourier transform of the n'" derivative of f(x) is given by

F{f ")} = (-is)" F(s),
provided the first ,,n-1* derivatives vanish as x—+ oo .

Property (7)
X F(s)
If F(s) is the complex Fourier Transform of f(x), then F [ f(x)dx -
a (-is)



X
Let g(x)=]f(x)dx.
a

Then, g"(x) = f(x). (1)
Now f[g,(x)] = (-is) G(s), by property (6).
= (-is). F{g(x)}
= (-is). F )f(f(x)dx .

a
X
ie, F{g“(x)} =(-is). F  [f(x) dx
a
X 1
ie,F | fx)dx = — .F{g"®)}.
a (-is)
1
=— Ff ()} [by (i)
(-is)
X F(s)
Thus, F [ f(x)dx = — .
a (-1s)

Property (8)

If F(s) is the complex Fourier transform of f(x),

Then, F{f(-x)} = F_(s), where bar denotes complex conjugate.

Proof
_ 1 o
F(s) = [ f(x) e™dx.
27 -0

Putting x = -t, we get

_ 1 o
F(s) = [ f(-t) e dt.

V21 -0




= F{f()} .
Note: If F{f(x)} = F(s), then
(i) FLRX0} =),
(i) F{0} = F(-s).
Example 1

Find the F.T of f(x) defined by

f(x) =0 x<a
=1 a<x<b
=0 x>b.
The F.T of f(x) is given by
1 o0
F{f(x)} = —— [e™f(x)dx.
2n -
1 b
=—— [el.dx.
\2n a
1 eisx b
\21 is a
1 eibs_ eias
\2r is

Example 2

Find the F.T of f(x) =x for |x|<a

=0 for|x|>a.
1 o0
Ff(x)} = — | e f (x) dx.
21 -
1 a
= —— [e x.dx.

\2n -a



isx

a
1 Xeisx eisx
Nor | s (is)’
-a
~
1 aeisa eisa ae-isa e-isa
= < - + +
\2n is (is)? is (is)?
S
p
1 a 1
-—— (eisa + e-isa) + —(eisa _ e-isa)
V21 is s?
-
1 -2ai 2i ]
= cossa + sinsa
\21 S s?
2i 1
= . = [sinsa - as cossa].
s? \2n
i [sinsa - as cossa]
= @2/
32
Example 3
Find the F.Tof f(x)=e®,0<x<1
= 0 otherwise
The F.T of f(x) is given by
1 o0
F{f(xX)} = [ e (x) dx.
2n - ®©
1 1

= [ eis . glaxgx.



\2r 0

1 1
= —— [eltrax gy
\2r 0

1 ei(s+a)x 1

) V2r | i(s+a) )0

1

{ei(s+a)x _1}
iV27.(s+a)

{1_ ei(s+a)}
\2m.(s+a)

Example 4
2 2 2 2
Find the F.T ofe® *  a>0 and hence deduce that the F.T of e*/2js e /2,

The F.T of f(x) is given by

1 o0
F{f(x)} = —— [e™f(x)dx.
27 - o0
Fes L [aa2 ge gy
V21 -0
2 2 {
e—s / 4a ool
— J’ e—[axf(is/2a)] dx .
\2n -
22
e—s/4a OODZ
= [et dt, by putting ax —(is/2a) = t
av2r -0
22
e-s /4a ool Ty

= .\, since [ et dt = Vr (using Gamma functions).
aV2n -0




= y L (i)
2.4

2
To find F{e>'?}
Puttinga=1/+2 in (1), we get

2 2
F{e-x /2} — e-s /2

Note:
If the F.T of f(x) is f(s), the function f(x) is called self-reciprocal. In the above

2
example e */ 2 is self-reciprocal under F.T.
Example 5
Find the F.T of
f(x) = 1 for |x|<1.

=0 for |x]>1.

0
Hence evaluate | sinx dx.
0

X
The F.T of f(x),
1 o0
ie., F{f(x)} =—— [e™f(x)dx.
21 -
1 1
=— [e* . (1).dx.
21 -1
_ 1
1 eISX

1 eis e is
\2n is
sins
=\(2/r) ,8#0
S
sins

Thus, F{f(x)}=F(s) =V(2/n). , s#0



S
Now by the inversion formula , we get

1 0
f(x) = —— [f(s). e .ds.
\2m - 0
00 sins . 1 for|x|<1
or = | N@Iny——. e ds.=
-0 S 0 for |x>1.
1 o sins 1 for x|<1
ie, — | R e
T =00 S 0 for|x]>1.
Putting x =0, we get
1 o sins
— ds=1
T -00 S
2 o sins
e, — | ds =1, since the integrand is even.
n 0 S
oo Sins T
= [ ds= —
0 S 2
o Sinx T
Hence, | dx = —
0 X 2
Exercises
(1) Find the Fourier transform of
1 for |x|<a

f(x) =
0 for [x|>a.

(2) Find the Fourier transform of
x?  for|x|<a
f(x) =
0 for [x>a.



(3) Find the Fourier transform of

a?-x%, |x<a
f(x) =
0, IX| >a>0.
Hence deduce that oo sint - tcost T
[ — dt= —
-0 t3 4

(4) Find the Fourier transform of e and x e, Also deduce that

o  cosxt -
J. - dt = — e'a‘x\
-00 a2 + t2 23
d
{Hint: F{x. e®} = -i—F{e¥}}
ds

Convolution Theorem and Parseval’s identity.

The convolution of two functions f(x) and g(x) is defined as

1 o
f(x) * g0 =—— [ f(t). g(x-1). dt.
\27 -0

Convolution Theorem for Fourier Transforms.

The Fourier Transform of the convolution of f(x) and g(x) is the product of their
Fourier Transforms,

i.e, F{f(x) * 9(x)} = F{f(x).F{g(x)}.

Proof:

F{f() * 9} = F{(f*g)x)}

1 o0
= [ (f *g)(x). €. dx.
V27 - 0

1 o 1 o
= [{—— [1(1). g(x-t). dt e’ dx .
21 -0 | 21 -0




1 o 1 0
=— [f(t) [ g(x-t). e dx . dt.
V21 -0 21 -

(by changing the order of integration).
1

= ——  [f().F{g(x-D}. dt.

27 - 0

1 oo
= —— [f(t). e .G(s). dt. (by shifting property)
V27 - o0

1 o0
=G(s). —— [f(t). e dt.

27 - o0
= F(5).G(5).

Hence, F{f(x) * g(x)} = F{f(x).F{g(x)}.

Parseval’s identity for Fourier Transforms

If F(s) is the F.T of f(x), then
o0 o0
[ FOQ)2 dx = | |F(s)|? ds.
-00 -00
Proof:

By convolution theorem, we have
F{f(x) * 9(x)} = F(s).G(s).
Therefore, (f*g) (x) = FX{F(s).G(s)}.

1 o 1 o
ie, — [f(t). g(x-t). dt=—— [ F(s).G(s).e™ ds ---------- )
V21 -0 \27 -00

(by using the inversion formula)
Puttingx =01in (1) , we get

o0 o0

[ (). g(-t). dt = [ F(5).G(s).ds -------- @)



Since (2) is true for all g(t), take g(t) = f(—-t) and hence g(-t) :?(t) --------- 3
Also, G(s) = F{g(t)}

= F{f(-)}

SN S0 P— (4) (by the property of F.T).

Using (3) & (4) in (2), we have

1(0).(1). dt = | F(s).F(s).ds.

= [|f(t)? dt = J |F(s)[? ds.

-00 -00
[ee} o0
i.e, [ [F(X)]? dx = | |F(s)? ds.
-00 -00
Example 6

Find the F.T of f (x) = 1-|x| for [x | < 1.

=0 forx>1

o0
and hence find the value [ sin*t dt.
o t
11 |
Here, F{ff{()}=—— [ (1- x| )e™* dx.
\2r -1
1 1
=—— [ (1-|x]) (cossx + i sinsx) dx.
\2m -1
1 1 i 1

=— [(@-|x)cossx dx.F—  [(1- |x|) sinsx dx.
\2r -1 V2r -1



1 1

2 0

1

sinsx
=2/ -X) d
@1 S%]

sinsx COSSX
= \(2/r) (1-x)[ J-(-l) - —

1

S S
0
1- coss
=@/ | —
$2
Using Parseval®s identity, we get
2 o 1
[ (1-coss)? ds. = [(1- [x])? dx.
T -0 S -1
4 00 1
= (] (1-coss)? ds. = 2 [(1- x)? dx = 2/3.
n 0 —s+— 0
16 00
ie, [ sin*(s/2) ds. = 2/3.

n 0 s?

Setting s/2 = x , we get
16  wosin*x

[02.dx. = 2/3.
r 0 16x*
o sin® X
= | dx. = =/3.
0o x*

Example 7
Find the F.T of f(x) if

2 | (1- x) cossx dx. by the property of definite integral.



f(x) =

1 for|x|<a

0 for [x>a>0.

o0

Using Parseval®s identity, prove | sint 2 dt. = n/2.

Here,

0 t

1 a

F{f(x)} = —— [ .(1) .dx.

\2r -a

1 eisx
E { IS J

1 eisa_

e

a

-d

isa

sinas
= (\/2/n) —

S

sinas

e, F(s)=(V2/n) .

Using Parseval®s identity

JIf(x)|2dx=[|F(s)]|?ds,

=00

we have
a

oo 12
[ 1.dx = [(/n)
2a = (2/m) ]

Setting as =t, we get

o0

(sinas\




o0
@) | | ——| dta=2a
o | (ta))
o (" sint)?
ie., [ | ——| dt ==
-00 t
.
oo sint )2
= 2 || — dd = =
0L tJ
o [ sint )2
Hence, [ |——| dt ==n/2
o Lt )

Fourier sine and cosine transforms:

Fourier sine Transform
We know that the Fourier sine integral is
2

f(x)= —  [sinAx.[f(t) sinit dt.dr.
P 0 0

Replacing A by s, we get
2 o0 >8]
f(x)= —  [sinsx. [ f(t) sinst dt. ds.
0 0

T

It follows that if

Fs(s) =2/ n) | f(t;osinst dt..
0

ie, Fs(s) = V(2/n) jf(x) sinsx dx. (1)

then f(x) = @/ n) TFS(S) sinsx ds. 2
0



The function Fs(s), as defined by (1), is known as the Fourier sine transform of f(x).
Also the function f(x), as given by (2),is called the Inverse Fourier sine transform of
FS(S) .

Fourier cosine transform

Similarly, it follows from the Fourier cosine integral

2 o0 o0
f(x)= — [ cos Ax . f(t) cosit dt.d.
e 0 0
that if Fe(s) = V(2/n) wa(x) cossx dXx. (3)
0
then f(x) = V(2/n) OIOFC(S) cossx ds. (4)
0

The function F¢(s), as defined by (3), is known as the Fourier cosine transform of
f(x). Also the function f(x), as given by (4),is called the Inverse Fourier cosine
transform of F(s) .

Properties of Fourier sine and cosine Transforms

If Fs(s) and F(s) are the Fourier sine and cosine transforms of f(x) respectively, the
following properties and identities are true.

(1) Linearity property
Fs[af(x) +bg(x)]=aFs {f(x) }+bFs{g(x) }.

and Fc[af(x)+bg(x)]=aF.{f(xX)}+bF:{g(xX)}
(2) Change of scale property

Fs [ f(ax) ] = (1/a) Fs[ s/a].
and  Fo[f(ax)]= (1/a) Fe[s/al.
(3) Modulation Theorem
i, Fo[f(x) sinax] = (1/2) [ Fc (s-a) - Fe(s+a)].

i. Fs[f(x)cosax]=(1/2) [ Fs (s+a) + Fs(s-a)].



iii.  Fc[ f(x) cosax ] = (1/2) [ Fc (s+a) + Fc (s-a) ].

iv.  Fe[ f(x) sinax]=(1/2) [ Fs (s+a) - Fs (s-a) ].

Proof

The Fourier sine transform of  f(x)sinax is given by

Fs [ f(x) sinax ] =V(2/ 1) T (f(x) sinax) sinsx dx.
0

= (1/2) V(2/ 7) Io;(x) [cos(s-a)x — cos(s+a)x] dX.
0
= (1/2) [ Fe (s-a) — Fe (5+a) .

Similarly, we can prove the results (ii), (iii) & (iv).
(4) Parseval’s identity

0

[ Fe(s) Ge(s) ds = i f(x) g(x) dx .
0 0

0

Of Fs(s) Gs(s) ds = oj ) f(x) g(x) dx .
f| Fc(s)| 2 4s = | |f(x)|2dx.

0 0

f| Fs(s)|2 ds = T|f(x)|2dx.

0 0

Proof

0

{) Fe(s) Ge(s) ds = I:Fc(s) [N/ n) | gogt) cosst dt] ds
= T g(t) [V@/ ) | T=c(s) cosst ds] dt
0 0

=] Oog(t) f(t) dt



0

ie., TFc(s) Ge(s) ds = [ f(x) g(x) dx.
0 0

Similarly, we can prove the second identity and the other identities follow by setting
g(x) = f(x) in the first identity.

Property (5)
If Fs(s) and F¢(s) are the Fourier sine and cosine transforms of f(x) respectively, then
d
D F{xfX)} =- — Fc(5) .
ds
d
(i) F{xfx)} =- — F(s) .
ds

Proof
The Fourier cosine transform of f(x),

ie., Fe(s) = V(2/ ) | f(x) cossx dx.
0
Differentiating w.r.t s, we get

d o0
— [Fe(s)]= V(2 n) | f(x){- xsinsx}dx.
ds 0

=-~(2/ n) Io(wx f(x)) sin sx dx.

= - F{x f(x)}
d
e, Fs{xf)}= -— {Fcs)}

ds
Similarly, we can prove

d
Fe{Xf0)} = - — {Fs(s)}
ds
Example 8

Find the Fourier sine and cosine transforms of e® and hence deduce the inversion
formula.

The Fourier sine transform of f(x) is given by

Fs {f(x) } =@/ n) ] f(é(3osinsx dx.



Now, Fs{e®™}=(2/n)]e®™ sinsx dx.
0

[>e}

e (- asinsx — s COSSX)
=2/ ) { }
a® + 2
0
S
= N2/ 7) , ifa>0
a?+s?

The Fourier cosine transform of f(x) is given by

Fe{f(x)}=~(@/n)] f(xO; cossx dx.
0

o0

Now , Fe{e®}=VQ2/n)] e'i‘)x cossx dx.
e® (- acossx + s sinsx)
=(2/ 7)
a? +¢? 0
a
= \(2/ n) L ifa>0
a® + 2

Example 9

X, for O<x<1
Find the Fourier cosine transform of f(x) = 2 —x, for 1<x<2

0, for x>2

The Fourier cosine transform of f(x),

e, Fe{f(x)}= V@I ) le cossx dx. + V(2/ )} I2(2-x)cossx dx.
1 sinsx 2 sinsx

N@2/n) | x d[ J +V@/n)[(2-x) d { J
0 1

S S
1

SINSX COSSX 0
V(2/ n) { J - @ - 2

2
S S* cossx

sinsx
\(2/ ) (2x)[ J —(-1) + -

S

+

s2



sins C0oss 1 N
=(2/ n) {— + -
S s S,
C0S2s sins COSS
+ |- - +
{ s2 S sz )
2 COSS C0S2s 1
=(2/ ) - -
S s? s?
Example 10
w X SINMX g™
Find the Fourier sine transform of e1. Hence show that | dx =

m>0. 0 1+x? 2
The Fourier sine transform of f(x) is given by

Fs{f(x) } =@/ n) ] f(x;osinsx dx.
0

= @/ n) | e*sinsx dx.
0

0

e™ (- sinsx — s cossx) }

=~(2/ n) { ;
1+s .

= N(2/ 7) j .
1+¢?

Using inversion formula for Fourier sine transforms, we get

0 s
N@/Im) | N@I) }sin sx ds. = e
0

1+¢?
Replacing x by m,

w Ssinms

e™ = (2/n) ds

(=

1+¢?

w X Ssinmx




@) ] — dx
©  1+x

N

» X sinmx e

Hence, [ — dx =
0 1+x2 2

Example 11
X 1

and the Fourier cosine transform of
a’+x? a’+x
X

To find the Fourier sine transform of ,
3.2+X2

Find the Fourier sine transform of
2

We have to find Fs { e }.

0

Consider, Fs { €™} =~(2/ nt) | ™ sin sx dx.
0

S

= N2/ 1)

a2 +s?

Using inversion formula for Fourier sine transforms, we get

o0 S
e™ = (2/n) OI \(2/ n) }sinsx ds.

a’ +¢°
xS SInsx ne®
ie., [— ds = ,a>0
0 S2 + a2 2
Changing x by s, we get
w X SIiNsx ne ™
[ ——— dx = Q)
0 X2 + a2 2
X ool 1 X
Now Fs = ~N@/n) | sinsx dx
X? + a2 O  x?+a
ne-as
=(2/ n) , using (1)



= \(n/2) e®
1

, we have to findFc{e®}.

Similarly,for finding the Fourier cosine transform of
2

a2+ x

Consider,  F{e™}=+(2/n) | e™ cossx dx.
0

a

= N(2/ n)
a®+ 2
Using inversion formula for Fourier cosine transforms, we get

w0 a
e™ = \(2/ n) OI V(2/ n) }cossx ds.

a’+s°
w COSSX e
ie., [ —— ds =
0 2442 2a
Changing x by s, we get
o  COSSX ne®
[ — dx = (2)
0 2422 2a
1 © 1
Now, Fc =~@/n) | cossx dx
X% + @2 0 x2+a’
ne-as
=~N@/n) using (2)
2a
e—as
= Vrl2) —
a
Example 12
22
Find the Fourier cosine transform of e2*  and hence evaluate the Fourier sine transform
2 2
of xg? X



The Fourier cosine transform of e® * is given by

2 2 © 22
Fe{e®* }=(2/ ) [e?*cossx dx
0

0 22
= Real part of V(2/ ) [ e * e ' dx
0
1 2 2
= Real part of e /4 (Refer example (4) of section 4.4)
a 2.
1 2 2
= T S — (i)
a2,
d
But, Fs{xf(x)} = - — Fc()
ds
2 2 d 1 2 2
S FRs{xe? X} = —{— gs /42 , by (2)
ds L a2
1 2 2
= - e sl4a(-s/2a?.
a2
S 2 2
— e -s/da )
22, a8

Fe[1/Vx]=1/s
and  Fs[1/Vx]=1/+s

This shows that 1 / \x is self-reciprocal.

Example 13
B dx
Evaluate | using transform methods.

D@+ +x)



Letf(x)=e > , g(x)=e™

Then Fe{s} =7(2/n)]e™cossx dx.
0
a
= 2/ n)
a® +¢?
b
Similarly, Ge{s} =V n) .
b® + s

Now using Parseval®s identity for Fourier cosine transforms,

ie., 0TOFC(S,) .Ge(s)ds =] ;‘O(x) g(x)dx.
0

2 w ab w
we have, — [ ———————  ds =]e@bxgy
T 0 (a2 +82)(b2 +32) 0

o — | — =

2ab = ds {e(a+b)x
T 0 (a2 +SZ)(b2 +32)

~(a+h) ¢

=1/(a+h)

d
Thus, f—— -

0 (a2 +x)(b%*+ x?) 2ab(a+b)

Example 14

Using Parsevals identity, evaluate the integrals

w  dx © x?
0-[ (a2 + X2)2 and O-f (3.2 + X2)2 dx
Let f(x) = e®
S
Then Fs(s)= ~(2/ n) ,
a’ + 2
a

Fe(s)= V(2 )

a’+s

ifa>0



Now, Using Parseval“s identity for sine transforms,

fo| Fs(s)|2 ds = To|f(x)|2dx.
0 0

ie.,
w S -
weget, (2/n) | ds = [e?dx
0 (a2 + SZ)Z 0
" S2 e-2ax ooDl
or 2/n) | ds = = —
0 (a% +s?)? 2a O 2a
IS X2 T
Thus ) dx = — ,ifa>0
O (a2 +x%)? 4a

Now, Using Parseval‘s identity for cosine transforms,

f| Fc(s)|2 ds = T|f(x)|2dx.
0 0

i.e.,
o & -
weget, (2/n) | ds = [e?dx
0 (a2 + S2)2 0
o s 1
or (2% ) | = —
0 (@+s%? 2a
o dx T
Thus, | -
0 433

(3.2 + X2)2

,ifa>0



Exercises

1.

8.

9.

Find the Fourier sine transform of the function

f(x) = sinx,0<x<a.
0 ,x>a

Find the Fourier cosine transform of e and hence deduce by using the inversion
formula

» COS ax dx T

[ ——— = —e™

O @+xd) 2
Find the Fourier cosine transform of e®sin ax.

Find the Fourier cosine transform of e + 3 g™
Find the Fourier cosine transform of
(i) e/ x (i) (e -e™) /x

Find, whenn >0 w0 [(n)

(i) Fx™] and (i) Fe[x™] Hint: Je®™x™dx = ,n>0,a>0
0

n

a
Find Fc[xe®] and Fs[xe®]
Show that the Fourier sine transform of 1/ (1 + x?) is V(n/2) e*.

Show that the Fourier sine transform of x / (1 + x?) is V(n/2) e*.
2

10. Show that x e*/ 2 is self reciprocal with respect to Fourier sine transform.

11. Using transform methods to evaluate

% dx
o ] — and
P (+1)(xP+4)



UNIT-V

Z — Transforms AND DIFFERENCE EQUATIONS

Introduction

The Z-transform plays a vital role in the field of communication Engineering and
control Engineering, especially in digital signal processing. Laplace transform and
Fourier transform are the most effective tools in the study of continuous time signals,
where as Z — transform is used in discrete time signal analysis. The application of Z —
transform in discrete analysis is similar to that of the Laplace transform in continuous
systems. Moreover, Z-transform has many properties similar to those of the Laplace
transform. But, the main difference is Z-transform operates only on sequences of the
discrete integer-valued arguments. This chapter gives concrete ideas about Z-transforms
and their properties. The last section applies Z-transforms to the solution of difference
equations.

Difference Equations

Difference equations arise naturally in all situations in which sequential relation
exists at various discrete values of the independent variables. These equations may be
thought of as the discrete counterparts of the differential equations. Z-transform is a very
useful tool to solve these equations.

A difference equation is a relation between the independent variable, the
dependent variable and the successive differences of the dependent variable.

For example, A2y, + 7TAyn + 12y, = n? (i)
and A% - 3Ayn - 2yn = COS N (i)

are difference equations.



The differences Ayn, Ayn, etc can also be expressed as.

AYn = Yn+1 - Yn,
Azyn = Yn+2 - 2Yn+1 + Yn.
A%Yh = Ynes - 3Yn+2 + 3Yn+1 - Yo and so on.

Substituting these in (i) and (ii), the equations take the form

PRV VA | S— (i)
and  Yn+3 - 3yn+2 =C0OS N (iv)
Note that the above equations are free of A’s,

If a difference equation is written in the form free of A’s, then the order of the
difference equation is the difference between the highest and lowest subscripts of y*s
occurring in it. For example, the order of equation (iii) is 2 and equation (iv) is 1.

The highest power of the y's in a difference equation is defined as its degree when
it is written in a form free of A’s. For example, the degree of the equations
Yn+3 + 5yn+2 + Vo= n2 +n+1is3 and y3n+3 + 2yn+l Yn = 5is 2.

Linear Difference Equations

A linear difference equation with constant coefficients is of the form

ao Yn+r T A1 Yner-1t @2 Ynar2 e, +aryn = ¢(n).
i.e., (aE +aiE™ + a2 E™2 +. ... + a)yn= ¢(n) -------- (1)
where apas, @z, . . . .. ar are constants and ¢(n) are known functions of n.

The equation (1) can be expressed in symbolic form as

f(E) yn = ¢(n) (2)

If ¢(n) is zero, then equation (2) reduces to



f(E)yyn=0 3)

which is known as the homogeneous difference equation corresponding to (2).The
solution
of (2) consists of two parts, namely, the complementary function and the particular
integral.
The solution of equation (3) which involves as many arbitrary constants as the order of
the equation is called the complementary function. The particular integral is a
particular solution of equation(1) and it is a function of ,,n without any arbitrary
constants.

Thus the complete solution of (1) is given by yn = C.F + P.I.
Example 1
Form the difference equation for the Fibonacci sequence .
The integers 0,1,1,2,3,5,8,13,21,........ are said to form a Fibonacci sequence.
If yn be the n'™ term of this sequence, then

Yn = Yn1+ Yn2forn>2
Of Yn+z-Ynt1-Yn=0forn>0
Z - Transforms and its Properties
Definition
Let {fn} be a sequence defined forn=0,1,2,....... ,then its Z-transform F(z) is defined as
F(z) = Z{f.} :n% faz ™,
whenever the series converges and it depends on the sequence {fn}.
The inverse Z-transform of F(z) is given by Z*{F(2)} = {f.}.
Note: If {fn} isdefinedforn=0,+x1,£2,......... , then

F(z) = z{fn} = 2> faz ", which is known as the two — sided Z- transform.

n=-o

Properties of Z-Transforms
1. The Z-transform is linear.



i.e, if F(z) = Z{f,} and G(z) = Z{gn}, then
Z{afn + bgn} = aF(z) + bG(2).
Proof:

Z{ af, + bgn} = ZO {afn+bgn} z"  (by definition)
n=

zaxfaz"+bxgnz"
n=0 n=0

=aF(z) + b G(2)

2. If Z{f,} = F(2), then Z{a"fn} = F (z/a)
Proof: By definition, we have

Z{a}= Zoa” fnz"
n=
= fn (z/a)™ = F(z/a)
n=0

Corollary:

If Z{f.} = F (2), then Z{ a"fn} = F(az).
dF (2)
3. Z{nfn} = -7 -
dz

Proof
Wehave F(z)=Xf,z"
n=0

Differentiating, we get

dF(z) o
------ =X fa(-n)z"?
dz "™
1 o
e 2. nf, z"
7 n=0
1
e Z{nf}

z



Hence, Z{nfn} = -z ---------
dz

4.1f Z{fn} = F(z), then

Z{tn}=2{F@2) - fo—(F1/2) - ... - (fka / Z¥?) } (k > 0)

Proof

Z { fa} = 2 fas 2", by definition.
n=0

=ZK> fnz™, wherem = n+k .
m=k

= Z{F(2) —fo— (F/2) - crvvvorne... (fr/z*Y)}
In Particular,
(i) Z{f n1} = 2 {F(2) - fo}
(it) Z{f ni2}= 2 { F(2) — fo - (fu/2) }
Corollary
If Z{f.} = F(2), then Z{fn1} = ¥ F(2).
(5) Initial value Theorem
IfZ{f}=F (), thenfo= (t F(2)
Proof -

We know that F (z) = fo + fr zt + faz? + . ..

Taking limits as z — o on both sides, we get



Lt F(z) =fo
Z—>®

Similarly, we can find

fi =0t { z[F(z) — fo]}; f2 = £t { 22 [F(2) — fo- f1z]} and so on.

Z—> © Z—> ©

(6) Final value Theorem

If Z{f,} = F(z), then £t fn = {t (z-1) F(2)

n— o z—-1

Proof
By definition, we have

Z {fn+1 — fn} = go{fnﬂ_ — fn} Z-n
Z{fon} — 24} = ﬁo{fm _f} 2
ie, 2 {F(2) — fo} - F(2) = 3. {foer — £} 2
n=0

z-1)Fz)—foz = Zo{fn+1 —f} 2"
n:
Taking, limits as z — 1 on both sides, we get

Uiz-1)F@ —To = 0 3 {fus—f} 2"

z—>1 z—1 n=0

= io(fml —f)=(fr—fo) + (o) +...+ (frer — )

= [t fn+1 — fO

n— o

ie, (t{(z-1)F@)}-fo=fn-fo

z—1
Hence, fo = 0t [(z-1) F(2)]
z—->1
e, it fo=1Lt[(z-1)F(2)]

n— o z—>1



SOME STANDARD RESULTS

1. Z{a"} =z / (z-a), for |z| > |a|.

Proof
By definition, we have

Z{a"}=>a"z"
n=0

=2z/(z-a), for |z| > |
In particular, we have
Z{1} =z /(z-1), (taking a = 1).

and Z{(-1)"}=2z/ (z +1), (taking a = -1).

2. Z{na"} = az /(z-a)?

Proof: By property, we have

dF(z)
Z{nfn} = -7 -
dz
d
= e Z{a}
dz
d z az
.'.Z{na”} ey VRV

dz  z-a  (z-a)?

Similarly, we can prove

zZ{n%a"} = {az(z+a)}/ (z-a)°



d
3) zZ{n"} =-z-------- Z{n™} where m is a positive integer.
dz

Proof »
Z{n"}=>nmz"
n=0

=z n™ - tnz T (1)

Replacing m by m-1, we get

0

zZ{in™ =z nm2pn 7D
{n™} pH

ie, zZ{n™}= Ynm-1z"
n=0

Differentiating with respect to z, we obtain

""" Z{nm'l} = g nm-1 (-n) 7-(n+1) '""“““(2)
dz n=0

Using (2) in (1), we get
d

Z{n"} =-z--------- Z{n™1}, which is the recurrence formula.
dz
In particular, we have
d
z{n} = -z------ Z{1}
dz
d z z
= -7 - —— = T e

Similarly,
d
z{n%*} = -z-—--- Z{n}
dz
d z



(z-1)°
z (z - cos0)
4.Z {cosn 6} = and
72 -2z cosO +1
z sinb
Z {sinn 0} = -------mmmmeeee-

7% - 27 cosO +1
We know that
Z{a"} =z I(z-a), if |z| > |a]

Letting a = e *, we have

Z{e"‘e} = S e

(z—cos 0) - isind
z {(z—cos 0) + isin6}
{(z—cos 6) - isin6} {(z—cos 6) + isinb}

Z (z—cos 0) + izsin®

z% - 27 cosO +1

Equating the real & imaginary parts, we get

z (z - cos0)
Z (COSN @) = =--mmmmmmmmmmeemeeee and
Z? - 2z cos0 +1
Z sind
Z (SiNN Q) = =--=mmmmmmmmmmeeee
7 - 2z cos0O +1
Z (z - rcos0)
5.Z{r"cosn 6} = and

Z% — 2rz cos0 +r2



Zr sin@
Z{r" sinnb} = if [z|>|r|
7% — 2rz cosO +r?

We know that
Z{a"} =z I(z-a), if |z|>|a]
Letting a =re' , we have
Z{r"e™}=z/(z -re'9).
i.e, Z{r" (cosn® + isinnO) } = -------------
2 r(cosd +isind)

z {(z - rcosO) + i rsin6}

{(z —rcos0) — i rsin}{(z — rcosO) + i rsinb}

Z (z - rcosO) + i rzsin®

(z - rcosB)? +r2 sin0
z (z - rcos) + i rzsin®

7% — 2rz cosO +r?

Equating the Real and Imaginary parts, we get

Z (z- rcos0)
Z{r" cosnb} = and
72— 27rcos0 + r?
zrsin®
Z{r"sinn0} = cif|z|>]r]

7%-27rcos0 + r?

Table of Z — Transforms
fn F(2)



10.

11.

12.

13.

L
z+1
y4
-
z—a
y4
n ___________
(z-1)?
+z
n2 _____________
(z-1)°
27
nn1) e
(z-1)°
k!z
no
(Z_l)k+1
az
na" e (z—
1)?
zZ (z-cos0)
100 11 T —
z% — 2zcosH+1
Z sin®
sinn®@ e
z2-2zc0s0 + 1
z (z-rcos0)
Mcosn® e
z%-2rz cos0 + r?
rz sin®
Msinn® e
Z2-2rzcos0 +r?
2
y4
cos(nm/2) e



14.

15

16

17

18

19

20

21

22

sin(nn/2)

e-at

Z{cosot}

Z{sinwt }

Z{e cos bt}

Z{e ?sin bt}

z% -2z cosmT +1

zsinoT

z% -2z cosmT +1

72T (23T — cos bT)

7227 _ 2762 cos bT +1

ze¥T sin bT

z%e

2T _ 27e3T cos bT +1



2(z-1)°
2(z-1)°

Example 2

Find the Z— transform of

H  n(n-1)
(i) n’+7n+4
@iif)  (1/2)(n+1)(n+2)
(i) Z{n(n-1)}=Z{n’} - Z {n}
Ty @y
z(z+1) -z (z-1)

(i)  Z{n?+7n+4}=2{n?} + 7 Z{n}+ 4 Z{1}

(z-1)°
22(z°-2)
Gy
(n+1) (n+2) 1
() A {Z{n%} + 3Z{n}+2Z{1}}
2 2



Example 3

Find the Z- transforms of 1/n and 1/n(n+1)

1 w 1
(i) Z - = yz" {
n =lop
1 1 1
S R R +
z 272 3z°

=-log(1-1/z)if|l/z|<1
=-log (z-1/2)

= log (z/z-1), if | 2 | >1.

1 1 1
(ii) Z --------- =Z - - -
n(n+1) n n+1 {
=2 - z"- >rz"
n=1 n n=0 n+1

z 1 1

=log ------ - 1+ - + - +

2z 372

z 1 1 12 1 1

=log ------ A e
z-1 z 2 z 3 z
z

=log ------- —z{-log(1-1/2)}
z-1
z

=log ------ -z log (z/z-1)
z-1

=(1-2) log {z/(z-1)}




Example 4

Find the Z- transforms of

(i) cos nm/2
(it) sin nm/2

(i) Z{cos nm/2} = X c0oS ------- z"
n=0 2
1 1
=1 — - + —mmm- o rererneeeans
z° z*
1 1
=1+ -—---
Z2
22+1 1
Z2
Z2
= e Jif|z]>]
22+1
) nm
(i) Z{sin nm/2} = 3 sin ------- z"
n=0 2
1 1 1
= emem — e + —mee- — e
z yAd z°
1 1 1
[ 1--—--- i — -
z z? z
1 1 1
=em 1+ -
Z 22



Example 5

Show that Z{1/ n!} = e¥2 and hence find Z{1/ (n+1)!} and Z{1/ (n+2)!}

1 o 1
Z ----m-- =20z"
n! n=0 I
. (Z-l)n
1)
=0l
Z-l (2-1)2
=14+ ------ + o +
1! 2!
1
—e? = e1/z
1
Tofind Z-------
(n+1)!

We know that Z{fn+1} = z { F(z) — fo}

Therefore,
1 1
Z -—----- =27 1
(n+1)! n!
=7z { el/Z _1}
Similarly,
1
Z --mmmmmmeme- =z2{e2-1-(1/2)}.
(n+2)!
Example 6

Find the Z- transforms of the following

) f(n)=J nn>0
0,n<0

(i) f(n)=JO,ifn >0
1,if n<0



(iiDf(n)=a"/nl,n>0
0, otherwise

(i) Z{f(m}=21(n) 2"

:ijonz‘”
=(1/2)+ @D+ (3% +...
=(1/2) {1+ 2lz2) + (312 +.. .}

= (U2){1- (U/2)}?

=7/ (z-1) if |z |> |

(i) Z{f(n)}= o (nz™

n=-w

= (1/1-2),if|z| < 1.

n

0 w a
(iii) Z{f(m} =2Xf(n)z" =3z™"
n=0 n=0 nl
» (azh"
S S——
=0 ni
1
— eaz —e alz
Example 7
272 + 37 +12
If F(z) = , find the value of ,,f2* and ,,f3".
(z-1)*

272+ 3z +12



Given that F(z) =

(z-1)*

This can be expressed as
1 2+3z1+1277
F(z) =
ZZ (1_ Z-1)4

By the initial value theorem, we have

fo= ¢t F2)=0.
Z-—0
Also, f1 =Lt {z[F(z) - fo]} =0.
Z-—»0
Now, fo= 0t {22 [F(2) - fo— (f1 [2)]}
Z-—»0
2 +3z1+1272
= [t 0-0.
Z-—®© (1_ Z-1)4
=2.
and f3= 0t {22 [F(2) - fo — (F1 /2) — (Fd 2]}
2 +3z1+1272 2
= [t 23 ...... . e
Z-—0 (1_ Z—1)4 Z2
112° +8z -2
Given that =t 2z -, =11.
Z-—® Z2 (2_1)4

Inverse Z — Transforms

The inverse Z — transforms can be obtained by using any one of the following

methods.They are

l. Power series method

Il. Partial fraction method
1l. Inversion Integral method
V. Long division method



. Power series method

This is the simplest method of finding the inverse Z —transform. Here F(z) can
be expanded in a series of ascending powers of z "t and the coefficient of z " will be the
desired inverse Z- transform.

Example 8
Find the inverse Z — transform of log {z /(z+1)} by power series method.

1 1/y
Putting z = ------- ,F(z)=log ---------m-m--
y (1/y)+1
1
=log ---------
1+y
=-log (1+y)
y’ y’
Syt e s o
2 3
1 1 -1)"
=714 comeen Z72 e 73+ ... .. + Jommmee- z"
2 3 n
0, forn=0

Thus, f, =
(-1)" / n, otherwise

I1. Partial Fraction Method

Here, F(z) is resolved into partial fractions and the inverse transform can be taken
directly.

Example 9

Find the inverse Z — transform of -----------————---

Z2+7z+10



Then -------- = - .=

z 722+ 72+ 10 (z+2) (z+5)
1 A B

Now , consider ---------mmmmemme = cmmeeee- 4 oo

(z+2) (z+5) z+2 z+5

1 1 1 1
3 Z+2 3 Z+5

1 z 1 z
Therefore, S RS ————

Inverting, we get

1 1
= e (_2)” """"" (_5)n
3 3
Example 10
822
Find the inverse Z —transform of =~ ——m-memmmmemememee o
(2z-1) (4z-1)
822 z2
Let F (z) = -------m—mm-mmmmmmem e = e
(2z-1) (4z-1) (z—%) (z —Y)
F(2) z
Then —-----mme = e
z (z=%) (z—Y)
z A B
NOW, -------------------- = +
(z=%2) (z—Y4) z-% Z2—Y
F (2) 2 1
We get, mmmmem D e — --



Therefore, F(2) = 2 -mmmmmmmmmm — mmmees

Inverting, we get

fo=Z YF@)}=2Z21 --memmme- By
- y

ie, f.=2(/2"-(1/4)",n=0,1,2,......

Example 11
4- 871 + 6272
Find Z! e by the method of partial fractions.
(1+z1) (1-2z1)2
4- 8z + 6272
Let F(z) =-------------—--
(1+z1) (1-2z1)?
47% - 872 + 62
z+1)(z-2f
F(2) 472 - 82+6 A B C
Then - S — + + ,where A=B=C=2.
z (z+1)(z-2)? z+1 z-2 (z-2)?
F(z) 2 2 2
Sothat =----e-- = —--ee T e —
z z+1 z-2 (z-2)?
2z 2z 2z
Hence, F(z) = ------- + - -+ --
z+1 z-2 (z -2)?

Inverting, we get
fa=  2(-1D)"+2(2)" +n.2"

e, f,=2(-1)"+((n+2)2"



Inversion Integral Method or Residue Method

The inverse Z-transform of F (z) is given by the formula

= Sum of residues of F(z).z"* at the poles of F(z) inside the contour C which is
drawn according to the given Region of convergence.

Example 12
Using the inversion integral method, find the inverse Z-transform of
3z
(z-1) (z-2)
3z
Let F(z) =----------m-m- -- .
(z-1) (z-2)

Its poles are z = 1,2 which are simple poles.
By inversion integral method, we have

1
fr = --mmm- [ F(z). ™! dz = sum of resides of F(z). z " at the poles of F(z).
2ni ©
1 3z 1 3z"
ie fo= - R . 2" dz = ------ [1dz = sum of residues
2mi © (z-1)(z-2) 2mi © (z-1)(z-2)
--------- (2).
Now,
3z"
Residue (atz=1) = et (z-1)---------------=-3
z>1 (z-1)(z-2)
3z"
Residue (atz=2) = {t (z-2) --------------- =32"
2 (z-1)(z-2)

-.Sum of Residues = -3 + 3.2" =3 (2"-1).
Thus the required inverse Z-transform is

n=3(2"-1),n=0,1,2, ...



Example 13

z(z+1)
Find the inverse z-transform of ------------- by residue method
(z-1)°
z(z+1)
Let F(z) = -----------
(z-1)°

The pole of F(z) is z = 1, which is a pole of order 3.
By Residue method, we have

fr =-mmmmmmm- | F(z). ™! dz = sum of residues of F(z).z " at the poles of F(z)
.

oni © (z-1)°

1 d? z"(z+1)
Now, Residue (atz=1)= ---- 0t ------ (20
21 21 dz? (z-1)°

1 d?
R . {2 +zM}
o1 1 472
1
=-— {t{n(n+l)z"! +n(n-1)z"2 }
2 z>1
1
=-—{n(n+1) +n(n-1)} =n?
2

Hence, f,=n?% n=0,1,2,.....

V. Long Division Method

If F(z) is expressed as a ratio of two polynomials, namely, F(z) = g(z%) / h(z?),
which can not be factorized, then divide the numerator by the denominator and the
inverse transform can be taken term by term in the quotient.

Example 14



1+2771

Find the inverse Z-transform of , by long division method
1-z1
1+27%
Let F (2) = ---------m-=-=--
1-z1

By actual division,

1+3z71 +3772+37°

l—z‘1> 1+ 271

1-z1
+3z 1
3z1 -3z
+3z72
3z2-373
+3z°3
3z3-3z4
+3z 74
Thus F(z) =143z +322+3z%+......
Now, Comparing the quotient with
Yz =fo+fizl+ foz? + 23+ ... ...
n=0
We get the sequence fras fo=1,fi=f.=f3=.......... =3.
Hencef,= 1, forn=0
3, forn>1
Example 15
z

Find the inverse Z-transform of --=-----——-—-



By actual division

713224273

3z¢-227°
3272-923%+627*
7z2%-6z2*

72321z *+14z°

+15z 414z >

SF@) =z 43272+ 723+
Now comparing the quotient with
0
> fnzfn:fo+f12'1+f22'2+f3273+....
n=0
We get the sequence frasfo=0,f1 =1, =3,f3 =7, ... ... ...

Hence, f,=2"-1,n=0,1, 2, 3, ...

Exercises

1. Find Z* {4z / (z-1)} by the long division method

z2(22-z2+2)
2. Find Z*1 by using Residue theorem
(z+1) (z-1)?

Z2

3. Find 1 by using Residue theorem
(z+2) (z2+4)

4. Find Z** (z/z-a) by power series method

5. Find Z' (e'%?) by power series method



73— 20z
6. Find Z* by using Partial fraction method
(z-4) (z-2)°

CONVOLUTION THEOREM
If Z{F (2)} = fn and Z*{G(2)} = gn, then
ZHF(2). G(2)} :miofm. gn-m = fn= gn, where the symbol * denotes the operation of
convolution.
Proof

Wehave F (2) =2 fhz", G (z2) =X gaz™
n=0 n=0

DF@) G@)=fo+fizt+fz?2+ . +fz"+ ... 0). (Qo+ 01zt + g2z + ..+ gnz "+
...00)

=2 (foOntfign1t+fognot . . .+ fngo)Z-rI
n=0
= Z (fogntfigna+fagnot . . .+ fnQo)
n
=Z> fm On-m
m=0

=Z {fa* gn}
Hence, Z1 { F(2) . G(2)} = fa * On
Example 16

Use convolution theorem to evaluate

z
A ——
(z-a) (z-b)
We know that Z* {F(z). G(2)} = fa*gn.
z z
Let F (z) = ---------- and G (z) -----------
Z-a z-b
z z
Then fo= Z1 -oeeeeev D -

Z-a z-b



Now,
ZHF@2).G@}=fa*gn=2a"*D"

n
— Z am bn-m
m=0
n a m
=b" >[whichisa G.P.
m=0 b
(a/b) "1 -1
L
(a/b) -1
Z2 an+1 bn+1
ig, Zh emmmmeemeeee- = e
(z-a) (z-b) a-b
Example 17
z
Find z1JT [by using convolution theorem
(z-1)
72 z
Let F (z) = ---------- and G (z) -----------
(z-1)° (z-1)

Thenfr=n+l1&gn=1
By convolution Theorem, we have

ZY{F@).G@)}=fa*gn=(n+1) *1= % (m+1) .1
m=0
(n+1) (n+2)

Example 18
Use convolution theorem to find the inverse Z- transform of

[1-(1/2)z Y [1- (U4}



1 1 1 z
Given Z  ememememeemmmeeeeeee - A ——
[1-(1/2)z Y [1- (1/4)z Y [z-(1/2)] [z - (1/4)]
z z
Let F (2) = -------------- A Y A i —
z-(1/2) z—(1/4)

Then fo = (1/2)" & gn = (1/4)"

We know that Z"*{ F(2). G(2)} = fn * On

= (1/2)" * (1/4)"
N 1 m 1 n-m N
LY { |
<
1 ”zn 1 ™1 (
4 ™ 2 4
~

1 n
S { 1+2+42%+ ...+ 2"} whichisa G.P
4
1, 2.1
4 2-1
1
Z-ommmmeees {2m -1}
4
1 1"
- o A
1 1 1

Z'1 ————— ———— SRR, e oo
[1-(2)z - U4z 2™ 4"



Application of Z - transform to Difference equations

As we know, the Laplace transforms method is quite effective in solving linear
differential equations, the Z - transform is useful tool in solving linear difference

equations.

To solve a difference equation, we have to take the Z - transform of both sides of

the difference equation using the property

Z{tn}=2{F@2) - fo—(F1/2) - ... - (fka / Z¥%) } (k > 0)
Using the initial conditions, we get an algebraic equation of the form F(z) = ¢(2).

By taking the inverse Z-transform, we get the required solution f, of the given difference
equation.

Exmaple 19

Solve the difference equation yn+1 + yn = 1, yo = 0, by Z - transform method.

Given equation is Yn+1 + yn = 1 1)
Let Y(2) be the Z -transform of {yn}.
Taking the Z - transforms of both sides of (1), we get

Z{yn+1} + Z{yn} = Z{1}.

ie, z{Y(2) - yo} + Y(2) =z /(z-1).

Using the given condition, it reduces to

(z+1) Y(2) = Z

z-1

z



i.e, Y(2) = ---m-mmmmmmmmeeeeen
(z-1) z+1)

or Y(2) = ---n mmmmmmen - -

On taking inverse Z-transforms, we obtain
yn = (1/2){1 - (-1)"}
Example 20
Solve yn+2 + yn =1, yo =y1 =0, using Z-transforms.
Consider Yn+2 + Yo = Lo-mmmmmmmmeo- 1)

Taking Z- transforms on both sides, we get

Z{yn:2}+ Z{yn} = Z{1}

y1 z
22{Y(2) - yo - -~ }+ Y(2) = e
z z-1
z
(Z2+1) Y(@2) = -
z-1
y
or Y(z) =----mmmmmmmmmmmeee
(z-1) (2 +1)
Y(2) 1 A Bz+C
Now, e = e ——— T ————— o
z ()@@ z1 2241
1 1 z 1
2 z-1 z72+1 722+1
1 Z 22 Z

Therefore,  Y(2) = === =mmmmem = o e



Using Inverse Z-transform, we get

Yn =(%2){1 - cos (nmt/ 2) - sin (hw/ 2)}.

Example 21
Solve yn+2 + 6Yn+1 + 9yn = 2", yo = y1 = 0, using Z-transforms.
Consider yn+2 + 6yn+s1 + 9yn=2" "

Taking the Z-transform of both sides, we get

Z{Yn+2} + 6Z{yn+1} + 9Z{yn} =Z {2“}

y1 z
ie, 22 Y(2)-yo- - +62 {Y(2) - Yo} + 9Y(2) = --------
z z-2
z
(22+62+9)Y(2) = —------
z-2
z
e, Y(2) = -
vy (@43
Therefore, S
z (z-2)(z+3)?
Y2 1 1 1 1 1
ie, ------ = ,
z 25  z-2 25  z+3 5 (z+3)?
using partial fractions.
1 z z 5z
Or Y(2) = ---mm mmmmmm — mmmen — eeeeen
25  z-2 7+3 (z+3)?

On taking Inverse Z-transforms, we get



yn = (1/ 25){ 2" - (-3)" + (5/3) n (-3)"}.
Example 22
Solve the simultaneous equations
Xn+1 - Yn = 1; Yn+1 - Xa = L with X (0) = 0; y (0) = 0.

The given equations are

Xn+1 = Yn =1, X0=0  ---mmmmeee- (1)
Yn+1 - Xn =1, Yo=0  -mmmmmmmmmeee- (2)
Taking Z-transforms, we get
z
z {X(z) - o} - Y(2) = --------
z-1
z
2{Y(2) - Yo} ~ X(2) = -
z-1
Using the initial conditions, we have
z
zX(z)-Y(z) = --------
z-1
z
zY(2) - X(2) = --------
z-1
Solving the above equations, we get
z z
X(@z) = ------ and Y(z) =----—--- .
(z-1)? (z-1)?

On taking the inverse Z-transform of both sides, we have xn =nand y,=n,
which is the required solution of the simultaneous difference equations.

Example 23

Solve Xn+1 = 7Xn + 10Yn ; Yn+1 = Xn + 4Yn, With Xo = 3, Yo =2

Given Xn+1 = Xn + 10yn (1)
Yn+1 = Xn+ 4Yn (2)




Taking Z- transforms of equation(1), we get
z{X(2)-%x}=7X(2) +10Y(2)
(z-7)X(z)-10Y(z) = 3z----------- 3)

Again taking Z- transforms of equation(2), we get

z{Y(2) - yo} = X(z) + 4Y(2)
-X@) + (z-4)Y(2) =2z ---------- 4)

Eliminating ,,x* from (3) & (4), we get

27% - 11z 27%-11z
Y(2) = --mmmmmmmmmmeen S
72-11z+8 (z-9) (z-2)
Y(2) 2z - 11 A B
sothat  ---- = —=—mmmmmmmee R + - where A=1and B =1.

Y(2) 1 1
[ — R I
Z z-9 z-2
z Z
ie, Y(z) = ---------- ¥ A
z-9 z-2

Taking Inverse Z-transforms, we get y, = 9" + 2".

From (2), Xn = Yn+1 - 4yn = g+l 4 on+l _ g (gn +2n)

90"+ 22"-49"-42"
Therfore, Xx,=5.9"-2.2"

Hence the solution is X, =5.9" - 2.2" and y, = 9" + 2".

Exercises

Solve the following difference equations by Z — transform method



1.2+ 2¥ni1+Yn=n,Yo=Yy1=0

2. Yn2—Yn=2"y0=0,y1=1
3.Un+2—2C€0S0LUn+1+Un=0,Uo=1,u1=

cosa 4. Un+2=Un+1+ Un, Uo=0,u1=1

5. Yn+2 — Byn+1+ 6yn=n(n-1),yo=0,y1 =0

6. Yn+3 — OYn+2 + 12yn+1 —8yn=0,y0=-1,y1=0,y2=1

FORMATION OF DIFFERENCE EQUATIONS
Example

Form the difference equation

y=a2"+b(-2)"

Y., =a2"" +b(-2)™
=2a2"-2b(-2)"

yn+2 — a2n+2 +b(_2)n+1
=4a2"+ 4b(-2)"

Eliminating a and b weget,

y, 1 1
Yoo 2 —2|=0
yn+2 4 4

Yn (8 + 8) _1(4yn+1+ 2yn+2) +1(4yn+1_ 2yn+2) =0



16 yn_4yn+2:0
_4( yn+2_4yn) =0
yn+2_4yn:O

Exercise:
1. Derive the difference equation form y = ( A+ Bn)(-3)"

2. Derive the difference equation form U = A2"+ Bn
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