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OBJECTIVES:

1. To introduce the basic mathematical concepts related to electromagnetic vector fields

2. To impart knowledge on the concepts of electrostatics, electrical potential, energy
density and their applications.

3. To impart knowledge on the concepts of magnetostatics, magnetic flux density, scalar
and vector potential and its applications.

4. To impart knowledge on the concepts of Faraday“s law, induced emf and Maxwell*s
equations

5. To impart knowledge on the concepts of Concepts of electromagnetic waves and
Pointing vector.
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Magnetic Circuits - Faraday*s law — Transformer and motional EMF — Displacement
current - Maxwell“s equations (differential and integral form) — Relation between field theory
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Electromagnetic wave generation and equations — Wave parameters; velocity,
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UNIT - 1 INTRODUCTION

Electromagnetic theory is a discipline concerned with the study of charges at rest and in
motion. Electromagnetic principles are fundamental to the study of electrical engineering and
physics. Electromagnetic theory is also indispensable to the understanding, analysis and design of
various electrical, electromechanical and electronic systems. Some of the branches of study where

Electromagnetic principles find applications are:

RF communication
Microwave Engineering
Antennas

Electrical Machines
Satellite Communication
Atomic and nuclear research
Radar Technology
Remote sensing

EMI EMC

10. Quantum Electronics
11. VLSI

L 0 N U A W RE

Electromagnetic theory is a prerequisite for a wide spectrum of studies in the field of Electrical
Sciences and Physics. Electromagnetic theory can be thought of as generalization of circuit theory.
There are certain situations that can be handled exclusively in terms of field theory. In
electromagnetic theory, the quantities involved can be categorized as source quantities and field
qguantities. Source of electromagnetic field is electric charges: either at rest or in motion. However
an electromagnetic field may cause a redistribution of charges that in turn change the field and
hence the separation of cause and effect is not always visible.

Sources of EMF:
e Current carrying conductors.
e Mobile phones.
e Microwave oven.
e Computer and Television screen.
e High voltage Power lines.

Effects of Electromagnetic fields:
e Plants and Animals.
e Humans.
e Electrical components.

Fields are classified as



e Scalar field
e \ector field.

Electric charge is a fundamental property of matter. Charge exist only in positive or negative
integral multiple of electronic charge, -e, e= 1.60 x 10'° coulombs. [It may be noted here that in
1962, Murray Gell-Mann hypothesized Quarks as the basic building blocks of matters. Quarks were
predicted to carry a fraction of electronic charge and the existence of Quarks have been
experimentally verified.] Principle of conservation of charge states that the total charge (algebraic
sum of positive and negative charges) of an isolated system remains unchanged, though the
charges may redistribute under the influence of electric field. Kirchhoff's Current Law (KCL) is an
assertion of the conservative property of charges under the implicit assumption that there is no
accumulation of charge at the junction.

Electromagnetic theory deals directly with the electric and magnetic field vectors where as
circuit theory deals with the voltages and currents. Voltages and currents are integrated effects of
electric and magnetic fields respectively. Electromagnetic field problems involve three space
variables along with the time variable and hence the solution tends to become correspondingly
complex. Vector analysis is a mathematical tool with which electromagnetic concepts are more
conveniently expressed and best comprehended. Since use of vector analysis in the study of
electromagnetic field theory results in real economy of time and thought, we first introduce the
concept of vector analysis.

Vector Analysis:

The quantities that we deal in electromagnetic theory may be either scalar or vectors [There
are other class of physical quantities called Tensors: where magnitude and direction vary with co
ordinate axes]. Scalars are quantities characterized by magnitude only and algebraic sign. A quantity
that has direction as well as magnitude is called a vector. Both scalar and vector quantities are
function of time and position . A field is a function that specifies a particular quantity everywhere in
a region. Depending upon the nature of the quantity under consideration, the field may be a vector
or a scalar field. Example of scalar field is the electric potential in a region while electric or magnetic
fields at any point is the example of vector field.

o

Avector 4 can be written as, A=a *’q,

4=[4 |
where, is the magnitude
~ 4
a = 7l _
and | | is the unit vector which has unit magnitude and same direction as that of A,

Two vector Aand & are added together to give another vector T We have



Let us see the animations in the next pages for the addition of two vectors, which has two rules:

1: Parallelogram law and 2: Head & tail rule

@)

-

A

HEAD TO TAIL RULE FOR VECTOR ADDITION

USE THE PLAYY AND STOP BUTTONS TO VIEW HOW THE
VECTORS A AND B ARE ADDED AND THE RESULTANT C IS
PRODUCED

Fig 1.1(b}): Vector Addition (Head & Tail Rule)

; =

PARALLELOGRAM RULE FOR VECTOR ADDITION

USE THE FLAY AND STOF BUTTONS TO VIEW HOW THE
VECTORS A AND B ARE ADDED AND THE RESULTANT C IS
PRODUCED

Fig 1.1{a):Vector Addition(Parallelogram Rule)
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A

HEAD TO TAIL RULE FOR VECTOR ADDITION

USE THE FLAY AND STOP BUTTONS TO VIEW HOW THE
VECTORS A AND B ARE ADDED AND THE RESULTANT C IS
PRODUCED

Fig 1.1{b): Vector Addition (Head & Tail Rule)

VECTOR ADDITION
E
« /s

HEAD TO TAIL RULE FOR VECTOR ADDITION

USE THE PLAY AND STOP BUTTONS TO VIEW HOW THE
VECTORS A AND B ARE ADDED AND THE RESULTANT C IS
PRODUCED

Fig 1.1(b): Vector Addition (Head & Tail Rule)
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vectar Subtraction is similarly carried out. D= A-F=A+ (—Ej

VECTOR
SUBTRACTION

m]

=l
L %]
—
H
)

CLICK AND S5TOF TO SEE THE VECTOR SUBTRATION
OF A AND B

Fig 1.2: Vector subtraction

wector Subtraction is similarly carried out: D=A-F=4d+ (—Ej

CLICK AND STOF TO SEE THE VECTOR SUBTRATION
OF A AND B

Fig 1.2: Vector subtraction

Scaling of a vector is defined as C'= "13, where ©is scaled version of vector £ and® is a scalar.

Some important laws of vector algebra are:

A+E=FE+4

Commutative Law (1.3)



ﬂ+(3 +C) ) (_,-1+3)+ ¢ Associative Law .....coooeiviiiiiiiiiiie,

a(d+B) =ad+as DISIIBULIVE LAW vvvvvrrveeeeeeeeeeereeesseeessesseeons (1.5)

—_—

The position vector "o of a point P is the directed distance from the origin (O) to P, i.e., o= OF,

Fig 1.3: Distance Vector

J— —_

If "2 =0Pand * = 0Q are the position vectors of the points P and Q then the distance vector

—_— —+ —

PO=00-0P=r,-7,
Product of Vectors

When two vectors <1 and £ are multiplied, the result is either a scalar or a vector depending

how the two vectors were multiplied. The two types of vector multiplication are:

Scalar product (or dot product) A5 gives a scalar.

Vector product (or cross product) Ax B gives a vector.

The dot product between two vectors is defined as
A B=|A]|B|cosOs
Vector product

AxE = |4||B|sin 8, 2

# js unit vector perpendicularto Aand &



B.A

Fig 1.4: Vector dot product

The dot product is commutative i.e., A8 =154 3nd distributive i.e.,
A (3+8)-AF+AT
Associative law does not

apply to scalar

product.
The vector or cross product of two vectors 4 and & is denoted by

—

AxB  AxFBis a vector perpendicular to the plane containing Aand &

, the magnitude is
given by

|4||8]sin 84z

and direction is given by right hand rule as explained in Figure 1.5.

Here we will get, Here we will get,
C=AxB C=FxA4

A

L =

A

Fig 1.5 :lllustrating the left thumb rule for determining the vector cross product



Here we will get, Here we will get,
C=Ax 5 C=F=z4

B B

/S

A A C

Fig 1.5 :llustrating the left thumb rule for determining the vector cross product

AxE=a_ ABsin 8, .7)
A AxEB
n dy = ==
o | | [Ax 5
where " is the unit vector given by,
The following relations hold for vector product.
AxB —Bx4 i.e., cross product is non commutative ......... (1.8)
ﬁx(§+6)=ﬁxﬁ+ﬁxg . e e .
i.e., cross product is distributive. .................... (1.9)
}ix(E % 5) #(EXE)XE _ . -
i.e., cross product is non associative............. (1.10)
Scalar and vector triple product :
| 3:(3 x §)=F-(OxA) =T (4x3 )
Scalar triple product........c.o. e (1.12)
) ﬂx(g * E)=§(EC)—E(EE)
Vector triple product............ .l (1.12)

Co-ordinate Systems

In order to describe the spatial variations of the quantities, we require using appropriate co-
ordinate system. A point or vector can be represented in a curvilinear coordinate system that may
be orthogonal or non-orthogonal .

An orthogonal system is one in which the co-ordinates are mutually perpendicular. Non-orthogonal
co-ordinate systems are also possible, but their usage is very limited in practice .

Let u = constant, v = constant and w = constant represent surfaces in a coordinate system, the

8



fay Eal fay

surfaces may be curved surfaces in general. Furthur, let % , %r and ¥ be the unit vectors in the
three coordinate directions(base vectors). In a general right handed orthogonal curvilinear systems,
the vectors satisfy the following relations :

s s o
o, T,
Eat o oy
d, R, =d
oy s oy
o, =a
E e, (1.13)

These equations are not independent and specification of one will automatically imply the other
two. Furthermore, the following relations hold

Eat s Eat o s o

a&' 'Il'= L W=a“" ) =I:I

s oy s Fat oy s

Gy =0y &=y &, =1 (1.14)

—_ o I n
. A=A a+Ada+4 a
A vector can be represented as sum of its orthogonal components, L@t Aya,r A, q,

In general u, v and w may not represent length. We multiply u, vand w by conversion factors hi,h>
and hs respectively to convert differential changes du, dv and dw to corresponding changes in
length dfi, df2, and dfs. Therefore

di =a,di+a,dl +a,d,

= hydu a, + lydva, + hdwa,

dv = ihfedudvdw

In the same manner, differential volume dv can be written as and differential

fas

@, . . ds, = ddw . .
area dsi; normalto "*is given by, ™! oty . In the same manner, differential areas normal to
oy ey

unit vectors atd car-Be defined.

In the following sections we discuss three most commonly used orthogonal co-ordinate systems,
viz:

1. Cartesian (or rectangular) co-ordinate system
2. Cylindrical co-ordinate system
3. Spherical polar co-ordinate system

Cartesian Co-ordinate System :



In Cartesian co-ordinate system, we have, (u,v,w) = (x,y,z). A point P(xo, yo, Zo) in Cartesian
co-ordinate system is represented as intersection of three planes x = xo, y = yo and z = zo. The unit
vectors satisfies the following relation:

" A

P(xoyd Za)

Cartesian Coordinate System

n n L3
@7, = dy

L S

@, dy =y

n n L3

g7, =d,

L T S,
a,.a,~a,.a ~a.a =0

Eal

R i e
UF =a, x, ta, y, ta;z,

. . ] . E —a. + ;. A+ "
In cartesian co-ordinate system, a vector A can be written as & Ahta,dra 4 . The dot and

cross product of two  vectors Aand B can be written as follows:

AB=AB +AB +AB

................. (1.19)
AxE =a,(A4,8, - 48,)+a, (45, - AB) +a, (48, - 4,8,)
Lol
-4 4 4
B, B, B,
.................... (1.20)

Since x, y and z all represent lengths, hi= h,= hs=1. The differential length, area and volume are

defined respectively as

10



di=dra, +dva, +dza,

................ (1.21)
sy =dvdza,
dsy - drdza,
da = cfxdycz:
du =dudydz (1.22)

Cylindrical Co-ordinate System :

For cylindrical coordinate systems we have @,v.w) = (r.8.2) a point YR is determined as
the point of intersection of a cylindrical surface r = ry, half plane containing the z-axis and making an

angle ¢= ﬂ"‘; with the xz plane and a plane parallel to xy plane located at z=zp as shown in figure 7
on next page.

In cylindrical coordinate system, the unit vectors satisfy the following relations

yi . A=A a+da+da
A vector < can be written as , .5.....5. £ %p 2 ?‘.??‘....ﬁ‘;’.ﬁ? ........................... (1.24)

The differential length is defined as,

di=a,dpt pdfa,tdzas =l =ph =1 (1.25)
;_Pxfgpa = ;x

Xz =,

deXi, = ity

..................... (1.23)

11



i
ﬁ‘l =70

p=po

Fig 1.7 : Cylindrical Coordinate System

X

Differential areas are:

&o, = pafiz
ds, =dpd2(;; .............. {1.26)
35, = pddd pa,

=Y Differential valume,
du=pdodgdz (1.27)

X

Fig 1.8 : Differential Volume Element in Cylindrical Coordinates

Transformation between Cartesian and Cylindrical coordinates:

_— n . n
A=a, A tapd, tas 4,

Let us consider is to be expressed in Cartesian co-ordinate as

— 0 n n 0
A=Aa, =|a, 4 +ta, A +ta, 4 |a,

A=gvd +a,d +a . i
v tay > “qx. In doing so we note that and it

applies for other components as well.

12



Ak o
@,.d, =cosd

L 2

gy = cos(¢5+g) =-sng

............... (1.28)

N -y Therefore we can write,

dx n

% ) 4‘9:«::5-“
X ¢ A =4
4,

=4

=

E

=AP
= A

i
b
£

Fig1.9 : Unit Vectors in Cartesian and Cylindrical Coordinates

These relations can be put conveniently in the matrix form as:

A cosg —sing Offd,
A |=|sing cosg 0]]4,
A Lo o A&l (1.30)

Ao 4y anEL’Q"themselves may be functions of o.Pandz as:

x=pocosd
y=pan g
ITZ (1.31)

i

Spherical Polar Coordinate System

13

cosg— 4, sin ¢

sin @+ ‘4¢ Coggh e (1.29)



Fig 1.10: Spherical Polar Coordinate System

Thus we see that a vector in one coordinate system is transformed to another coordinate system
through two-step process: Finding the component vectors and then variable transformation.

Spherical Polar Coordinates:

For spherical polar coordinate system, we have, W, v, w)=(r.8.9) point Pl 6.t ) i
represented as the intersection of

(i) Spherical surface r=ro
(ii) Conical surface £=4 ,and

(iii) half plane containing z-axis making angle o=t with the xz plane as shown in the figure 1.10.

@, g =y
@y F @, = i,
. . . . . a?&X ﬂ?, = aﬂ
The unit vectors satisfy the following relationships: ...2....0 ... e, (1.33)

The orientation of the unit vectors are shown in the figure 1.11.

Z Ak

x‘/ Orientation of Unit Vectors

Fig 1.11: Orientation of Unit Vectors

14



A vector in spherical polar co-ordinates is written as
di=a,dr+a,rdd+a, rsn 8d¢

For spherical polar coordinate system we have hi=1, ho=rand hs=rsn &

rsinfd¢

rsinf
rdf

dr

Fig 1.12(a) : Differential volume in s-p coordinates

&

randdd ¥ 4@

A

rad
¥

—_

o

- dr
o M [E
— —_
dr 2y

Fig 1.12(b) : Exploded view

With reference to the Figure 1.12, the elemental areas are:

ds, =% sin 8dBdga,

ds, = rsin 8drdga,

ds, =rdrdfa, (1.34)
and elementary volume is given by
du = r* sin Sdrd Bd ¢ (1.35)

Coordinate transformation between rectangular and spherical polar:

15
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With reference to the figure 1.13 ,we can write the following equations:

o o

&, i, =sindeosd

o o . )

a,.d, =sanfdsang

ey n

&, ., =cosd

n s

iy, =cosBoosd

o Ll .

dg. @, =cos&sin ¢

n s
i .

@y ., =cos(8+—)=-sn8
2

[
I

T :
. +—1=-
@, @, = cos(g 2} sin g

el
=]

@,.a, =cosd
=0
T e (1.36)

Fig 1.13: Coordinate transformation

A=A a+da+Aa,. . . . .
Aatdatda, in the spherical polar coordinate system, its component in

the cartesian coordinate system can be found out as follows:

Given a vector

A = Hc::; =4 sin Frosg+ ,coscosg— A sin ¢

16



Similarly,

A, =ﬁc;; = A anfang+ 4, cosfan g+ A cos g

................................. (1.38a)
.Az=ﬁcz:=_rﬂ,|:os.5'—_rﬂ,sin9 (1.38b)
The above equation can be put in a compact form:
A sinJcosgd cosfroosgd —angd||d
A 1=|sinfsing cosfsing cosg ||4
A cosd —zin & 0 ﬂ;p (1.39)

The components 4.4, and“'rlgls“themselves will be functions of r,@and ';é. r,Gand ';éare related to

x,y and z as:

x=ranfcos g
¥ =rsindsin g
z=rcosd (1.40)

and conversely,

N
e (1.41a)
g =rcoz? Zj =
L (1.41b)
-;E?=tan'1£
- S (1.41¢)

Using the variable transformation listed above, the vector components, which are functions of
variables of one coordinate system, can be transformed to functions of variables of other
coordinate system and a total transformation can be done.

Line, surface and volume integrals

In electromagnetic theory, we come across integrals, which contain vector functions. Some
representative integrals are listed below:

Jﬁdv J:;aﬁdf l?«‘..:ff F..:f;:

17



In the above integrals, aﬁ_l'i:d resﬁ%ctively represent vector and scalar function of space
coordinates. C,S and V represent path, surface and volume of integration. All these integrals are
evaluated using extension of the usual one-dimensional integral as the limit of a sum, i.e., if a
function f(x) is defined over arrange a to b of values of x, then the integral is given by

B #
[y =lim > £,
] i=1

where the interval (a,b) is subdivided into n continuous interval of lengths By, bx

Edi
Line Integral: Line integral J“ is the dot product of a vector with a specified C; in other words it

is the integral of the tangential component dong the curveC.

Vector field E

Figuire : Line Integral

Fig 1.14: Line Integral

Hoos 841

J‘Edf=
as

F:I'_;s':-

As shown in the figure 1.14, given a vector Earound ¢, we define the integral
the line integral of E along the curve C.

If the path of integration is a closed path as shown in the figure the line integral becomes a closed

Edi
line integral and is called the circulation offaround C and denoted as iﬁ as shown in the
figure 1.15.

18
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Figure: Closed Line Integral

Fig 1.15: Closed Line Integral

Surface Integral :

—

Given a vector field 4, continuous in a region containing the smooth surface S, we define the

~ = [Acoseds - JI&.% as = l‘ﬁd:‘?
surface integral or the flux of 4 through S as as surface integral

over surface S.

Surface S

Fig 1.16 : Surface Integral

W= ?Adﬂ’
If the surface integral is carried out over a closed surface, then we write

Volume Integrals:

19



deﬂ” J;I‘J‘fdﬂ”
We define or as the volume integral of the scalar function f(function of spatial
JF&V

coordinates) over the volume V. Evaluation of integral of the form can be carried out as a

sum of three scalar volume integrals, where each scalar volume integral is a component of the

vector &

The Del Operator:

The vector differential operator ¥ was introduced by Sir W. R. Hamilton and later on developed by
P. G. Tait.

Mathematically the vector differential operator can be written in the general form as:

................................. (1.43)
In Cartesian coordinates:
W= E&x +i.:i‘y +E&x
N (1.44)
In cylindrical coordinates:
yo24,10, .0,
e (1.45)
and in spherical polar coordinates:
. 13 1 8,
V=—d&+-—d, +———d,
& - rd@  randdg ", (1.46)

Gradient of a Scalar function:

Let us consider a scalar field V(uwv,w) , a function of space coordinates.

Gradient of the scalar field V is a vector that represents both the magnitude and direction of the
maximum space rate of increase of this scalar field V.

20



Fig 1.17 : Gradient of a scalar function

As shown in figure 1.17, let us consider two surfaces Siand S; where the function V has constant
magnitude and the magnitude differs by a small amount dV. Now as one moves from S; to S, the
magnitude of spatial rate of change of V i.e. dV/dl depends on the direction of elementary path
length dl, the maximum occurs when one traverses from Sito S;along a path normal to the surfaces
as in this case the distance is minimum.

By our definition of gradient we can write:

since #Mich represents the distance along the normal is the shortest distance between the two
surfaces.

For a general curvilinear coordinate system

di-a d +a,d +a,d, = |kdua,+bdva, +hdwa,

Further we can write

av =ﬁd—ﬂ=ﬁcosﬂ=TV'&z

A dn dl an (1.49)

Hence,
AV =VV.dl =VV.(hdua, +idva, + dwa,)

Also we can write,

21



ar =

o, o o

¥ W

. v,
+ 26+ 20, dig, + i,
{af“a;a”afaJ[a ol el )

(iai i+ ;gv i+ ;sgw &w]-(klduﬁa i v, +hdwi)

By comparison we can write,

Hence for the Cartesian, cylindrical and spherical polar coordinate system, the expressions for
gradient can be written as:
In Cartesian coordinates:

VI = gcx +gcx +ﬁcx

Ty & (1.53)

In cylindrical coordinates:

V= ﬂVﬂ +lﬁ&?+g&
o © o dg s

and in spherical polar coordinates:

o (= +lg 4 1,

—a
a7 738 renoag (1.55)

The following relationships hold for gradient operator.

FO+N =VIU+VI
V) =V VI + UV
7 VVU-UTY
V)= ———
g g
TV =l (1.56)

where U and V are scalar functions and n is an integer.
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It may further be noted that since magnitude of df depends on the direction of dJ, it is
called the directional derivative. If A=AV, IVis called the scalar potential function of the vector
function 4

Divergence of a Vector Field:

In study of vector fields, directed line segments, also called flux lines or streamlines, represent field
variations graphically. The intensity of the field is proportional to the density of lines. For example,
the number of flux lines passing through a unit surface S normal to the vector measures the vector
field strength.

Fig 1.18: Flux Lines

We have already defined flux of a vector field as

W= !ﬂcos Bds =JE'$M|:I1.S' = !Edg

We define the divergence of a vector field 4t a point P as the net outward flux from a volume
enclosing P, as the volume shrinks to zero.

I Ads
div A=V 4 = lim L

=l Ay (1.59)

Here i&the volume that encloses P and S is the corresponding closed surface.
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Fig 1.19: Evaluation of divergence in curvilinear coordinate

Let us consider a differential volume centered on point P(u,v,w) in avector field A The flux
through an elementary area normal to u is given by,

Net outward flux along u can be calculated considering the two elementary surfaces perpendicularto u.

Rd A | A, | v = a':hgﬂdudvdw

du _dy
[u+Tv,w] [u Tv,w]

Considering the contribution from all six surfaces that enclose the volume, we can write

& a:‘,g drdvehw — == = F Iihg;%ﬂ” ) + dudvd‘ww + dudvdve d [}21}"1?“1'*)
div A=V & = lim C‘P O g ha
ot A By by, dsclvedow
R [ (e d) | (am)ﬁmm)]
}31}"2}33 dv e

Hence for the Cartesian, cylindrical and spherical polar coordinate system, the expressions for divergence
written

In Cartesian coordinates:

o4 04 a4,
& ) (1.63)




In cylindrical coordinates:

g 18(ed) 104 a4
e do pdp oz (1.64)

and in spherical polar coordinates:

ia[r%ﬂ,L 1 3(sin64,) 1 a4
P rand 39 rend dg (1.65)

VA=

In connection with the divergence of a vector field, the following can be noted
¢ Divergence of a vector field gives a scalar.

V(d+ B =V A+V
VA=V A+ ATV

Divergence theorem
Divergence theorem states that the volume integral of the divergence of vector field is equal to the
net outward flux of the vector through the closed surface that bounds the volume. Mathematically,

Jv-?wv - jaji-.:f;:
Proof:

Let us consider a volume V enclosed by a surface S . Let us subdivide the volume in large number of

cells. Let the k™ cell has a volume&VKand the corresponding surface is denoted by Sk. Interior to
the volume, cells have common surfaces. Outward flux through these common surfaces from one
cell becomes the inward flux for the neighboring cells. Therefore when the total flux from these
cells are considered, we actually get the net outward flux through the surface surrounding the
volume. Hence we can write:

In the limit, that is when & —%and Ly =0

;["F.Hdirf

the right hand of the expression can be written as

cfﬁ-.:f_ﬂf - JV'H.::EV
Hence we get , which is the divergence theorem.
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Curl of a vector field:
TE- dl
We have defined the circulation of a vector field A around a closed path as .

Curl of a vector field is a measure of the vector field's tendency to rotate about a point. Curl ,44lso

written as ¥ *4 is defined as a vector whose magnitude is maximum of the net circulation per unit
area when the area tends to zero and its direction is the normal direction to the area when the area
is oriented in such a way so as to make the circulation maximum.

Therefore, we can write:

Curd A=VxA=1lim 22
50 A

A
? ]m (1.68)

To derive the expression for curl in generalized curvilinear coordinate system, we first compute

¥ * A auand to do so let us consider the figure 1.20:

dn
Fig 1.20: Curl of a Vector

Ci1 represents the boundary of Afen we can write

iﬁﬁ-dhiﬁ-dﬂgfﬁ-dhiyﬁ-dhﬁ[iﬁ-df
c (1.69)

The integrals on the RHS can be evaluated as follows:

—+

f-cﬂ = (44, + A&, + A, ) ivd, = Aty

dLE-.:fL —[;ﬂvkz&v +%(Aﬁgﬁv}ﬁw]

The negative sign is because of the fact that the direction of traversal reverses. Similarly,
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ifé di = [ A fow + % (A o)

.................................................. (1.72)
ILE-.::?E= — A B
............................................................................ (1.73)
Adding the contribution from all components, we can write:
- = {43 i
fﬂ'df ~| 5, (ate) 5 (AR | Aviow
........................................................................ (1.74)
fl dl
TKE).§H= — 1 [a'{hzﬂ\«]'_a':hz'ﬂ‘v]']
Therefore, ...ccceeeeeeeevennns h2h3ﬂ‘Vﬂ‘Wh2h3 BVBW .............................. (1.75)
. (?x}i).cz: (?XE)..::;; .
In the same manner if we compute for and we can write,

w

Txdo L |40 A, 1 [304) d0sA0), 1 [d0u4) 804,
il dv dw ] kil Aw B Yok | Bu dv

';31&& ';‘?2&1-' '333&11-'

i
R N (1.77)
&, &y d,
oxg=ll & 2
dr  dv dz
A
In Cartesian coordinates:..............fq.’.‘ ....... J’A" ....................................... (1.78)
&P p&¢ ,
- 1|43 i
VrXAd=—|— — —
olde df dz
A A
In Cylindrical coordinates, .................... P“QP’AZ .................................... (1.79)
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a4, rd, rsinfa,

— 1 d d d
W = - — —_
Fhan fldr 38 d @
1in 84
In Spherical polar coordinates, .....ccccccvvveeeeen! &”ﬂ" ..... r s1n¢ .............. (1.80)

Curl operation exhibits the following properties:

(1 Curl of & vecdtor field s another vector field.
(M ‘G’x(ﬁ+§]=‘ﬁ'xﬁ+‘ﬁ'x§
() Tx(WA) =TV x A+ Vix A
(V) T(TxA)=D

{¥) VeVl =0

(

— — —

vi) Tx(AxB)= AVE-BV A+ (BV)A-(AW)

m)

Stoke's theorem :

It states that the circulation of a vector field <4 around a closed path is equal to the integral of
V>4 over the surface bounded by this path. It may be noted that this equality holds provided A

and ¥ *4 are continuous on the surface.

i.e,

Proof: Let us consider an area S that is subdivided into large number of cells as shown in the figure
1.21.
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Fig 1.21: Stokes theorem

Let kcell has surface area‘ﬁgﬁd is bounded path Lk while the total area is bounded by path L. As
seen from the figure that if we evaluate the sum of the line integrals around the elementary areas,

there is cancellation along every interior path and we are left the line integral along path L.
Therefore we can write,

Adi
¢4 df=2iﬁﬁ-df=z?lg AS,
k k b, (1.83)
As ASy -0
g Aal=[Vxdds (1.84)

which is the stoke's theorem.

ASSIGNMENT PROBLEMS

1. Inthe Cartesian coordinate system; verify the following relations for a scalar function ¥ and

-

a vector function 4
K [‘?V) =10

v-(vxﬁ) =0

VXA =V (VxA) + (Vx4
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B-2a

v
An electric field expressed in spherical polar coordinates is given by F . Determine
& 19 -
| |and &, at a point F-le, 2}.
nE. -
f—as”z adS
Evaluate o over the surface of a sphere of radius "I centered at the origin.

77 -arn

Find the divergence of the radial vector field given by

d=n'd - yx'd Asdl
A vector function is defined by A=n'a, % . Find (P around the contour shown in

the figure P1.3 . Evaluate I(vxﬂ)'dgover the shaded area and verify that
E]Sﬁ-a‘f=ﬂ‘?><ﬁ)-d§
¥ A
2 _ — —
[ |
' | :}
1 2 X

Figure P1.3
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Unit Il Electrostatics

In this chapter we will discuss on the followings:

Coulomb's Law

Electric Field & Electric Flux Density

Gauss's Law with Application

Electrostatic Potential, Equipotential Surfaces
Boundary Conditions for Static Electric Fields
Capacitance and Capacitors

Electrostatic Energy

Laplace's and Poisson's Equations

. Uniqueness of Electrostatic Solutions
10.Method of Images

11.Solution of Boundary Value Problems in Different
Coordinate Systems

©WoONOUAWN R

Introduction

In the previous chapter we have covered the essential mathematical tools
needed to study EM fields. We have already mentioned in the previous
chapter that electric charge is a fundamental property of matter and charge
exist in integral multiple of electronic charge. Electrostatics can be defined
as the study of electric charges at rest. Electric fields have their sources in
electric charges.

( Note: Almost all real electric fields vary to some extent with time.
However, for many problems, the field variation is slow and the field may
be considered as static. For some other cases spatial distribution is nearly
same as for the static case even though the actual field may vary with time.
Such cases are termed as quasi-static.)

In this chapter we first study two fundamental laws governing the
electrostatic fields, viz, (1) Coulomb's Law and (2) Gauss's Law. Both these
law have experimental basis. Coulomb's law is applicable in finding electric
field due to any charge distribution, Gauss's law is easier to use when the
distribution is symmetrical.

Coulomb's Law
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Coulomb's Law states that the force between two point charges Qi;and Q; is
directly proportional to the product of the charges and inversely
proportional to the square of the distance between them.

Point charge is a hypothetical charge located at a single point in space. It is
an idealised model of a particle having an electric charge.

P

. 2 . . .
Mathematically, R®  where k is the proportionality constant.

In Sl units, Q1 and Q; are expressed in Coulombs(C) and R is in meters.

= 1
4re,

Force F is in Newtons (N) and , f8 called the permittivity of free

space.

(We are assuming the charges are in free space. If the charges are any other

dielectric medium, we will use £~ %% instead where s called the relative
permittivity or the dielectric constant of the medium).

= 3
Therefore....... ATy B e, (2.1)

As shown in the Figure 2.1 let the position vectors of the point charges

]

Qiand Q, are given byland 2 Let lTiépresent the force on Q; due to
charge Q..

1

Fig 2.1: Coulomb's Law

R=lg-n|=ln-»
The charges are separated by a distance of |1 : | * 1. We define the

unit vectors as
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-~ (”"2_”"1) -~ (rl—rj)

tdhy = —— & =

B and oo B (2.2)

7= (he g = Ll (m—n)

= Yodme BB Ame R ;_;’3
12 can be defined as 4 1 Similarly the force on

e

Q1 due to charge Q; can be calculated and if i represents this force then

—_—

we can write 21~ "

When we have a number of point charges, to determine the force on a
particular charge due to all other charges, we apply principle of
superposition. If we have N number of charges Qi,Q,......... Qn located

— —+

respectively at the points represented by the position vectors 1™, , ¥
the force experienced by a charge Q located at i5 given by,

5. 0 Lot-n

47, 4 |J,, _rir

Electric Field

The electric field intensity or the electric field strength at a point is defined
as the force per unit charge. That is

The electric field intensity E at a point r (observation point) due a point
charge Q located at {source point) is given by:

E= Q(r‘:r"_hz
4z, |r—r" (2 5)
For a collection of N point charges Q1,Qs,......... Qu located at,,. 71 ™ T

the electric field intensity at point %' obtained as

z__1 iQ'kcF— )



The expression (2.6) can be modified suitably to compute the electric filed
due to a continuous distribution of charges.

In figure 2.2 we consider a continuous volume distribution of charge B(t) in
the region denoted as the source region.

For an elementary charge 9= =204V o considering this charge as point
charge, we can write the field expression as:

T dOr-r") _ el hdv'ir-rY

d
4ire, |r—r'r 4ire, |r—r'r (2.7)
Source region
P /
P
s _—
o —

- — -
L r
0

Fig 2.2: Continuous Volume Distribution of Charge

When this expression is integrated over the source region, we get the
electric field at the point P due to this distribution of charges. Thus the
expression for the electric field at P can be written as:

B = o - rj?
1[4;?1'&',]?' rr

Similar technique can be adopted when the charge distribution is in the
form of a line charge density or a surface charge density.

7 - l,o;(r V=,

S (2.9)
EG = l«ﬁ‘;(?‘?(?"‘?") 1o
4:"?5',] Lt (2 10)



Electric flux density:

As stated earlier electric field intensity or simply ‘Electric field' gives the
strength of the field at a particular point. The electric field depends on the
material media in which the field is being considered. The flux density
vector is defined to be independent of the material media (as we'll see that
it relates to the charge that is producing it).For a linear

isotropic medium under consideration; the flux density vector is defined
as:

Gauss's Law: Gauss's law is one of the fundamental laws of
electromagnetism and it states that the total electric flux through a closed
surface is equal to the total charge enclosed by the surface.

Fig 2.3: Gauss's Law

Let us consider a point charge Q located in an isotropic homogeneous
medium of dielectric constant .2The flux density at a distance r on a
surface enclosing the charge is given by
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If we consider an elementary area ds, the amount of flux passing through
the elementary area is given by

decos 8

dy =Dds= fg

cfSC';)SE — 20

But - , is the elementary solid angle subtended by the area % at

Ay = £
the location of Q. Therefore we can write 4

For a closed surface enclosing the charge, we can write
w=tfdw=£iidﬂ -0
4

which can seen to be same as what we have stated in the definition of
Gauss's Law.

Application of Gauss's Law

Gauss's law is particularly useful in computing or Zwvhere the charge
distribution has some symmetry. We shall illustrate the application of
Gauss's Law with some examples.

1.An infinite line charge

As the first example of illustration of use of Gauss's law, let consider the
problem of determination of the electric field produced by an infinite line
charge of density /m. Let us consider a line charge positioned along the z-
axis as shown in Fig. 2.4(a) (next slide). Since the line charge is assumed to
be infinitely long, the electric field will be of the form as shown in Fig. 2.4(b)
(next slide).

If we consider a close cylindrical surface as shown in Fig. 2.4(a), using
Gauss's theorm we can write,

od =0 =cfeDE.dE= JEDE.JE+15UE.JE+JED§..:£E
e (2.15)

Considering the fact that the unit normal vector to areas S; and S3 are

perpendicular to the electric field, the surface integrals for the top and

bottom surfaces evaluates to zero. Hence we can write, oo = & B2
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Fig 2.4: Infinite Line Charge

2. Infinite Sheet of Charge

As a second example of application of Gauss's theorem, we consider an
infinite charged sheet covering the x-z plane as shown in figure 2.5.

Assuming a surface charge density of “sfor the infinite surface charge, if

we consider a cylindrical volume having sides**placed symmetrically as
shown in figure 5, we can write:
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§D+ds = 2Dbs = p Ls

=

F=_5 3z

X

Fig 2.5: Infinite Sheet of Charge

It may be noted that the electric field strength is independent of distance.
This is true for the infinite plane of charge; electric lines of force on either
side of the charge will be perpendicular to the sheet and extend to infinity
as parallel lines. As number of lines of force per unit area gives the strength
of the field, the field becomes independent of distance. For a finite charge
sheet, the field will be a function of distance.

3. Uniformly Charged Sphere

Let us consider a sphere of radius ro having a uniform volume charge

density of B, C/m3. To determine E?'beverywhere, inside and outside the
sphere, we construct Gaussian surfaces of radius r <rpand r > rp as shown
in Fig. 2.6 (a) and Fig. 2.6(b).

For the region 7 <™ the total enclosed charge will be
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(a)

Fig 2.6: Uniformly Charged Sphere

By applying Gauss's theorem,

21’ X

$D-ds= [ [ Dyr*sin 62644 = 47D, = O,

ge=l e, (2.19)
Therefore
D="rpd, 0<r<n
e (2.20)

By applying Gauss's theorem,

E]
N og

D=3r2.-c}var 'rl'rl'il

Electrostatic Potential and Equipotential Surfaces

In the previous sections we have seen how the electric field intensity due to
a charge or a charge distribution can be found using Coulomb's law or
Gauss's law. Since a charge placed in the vicinity of another charge (or in
other words in the field of other charge) experiences a force, the
movement of the charge represents energy exchange. Electrostatic
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potential is related to the work done in carrying a charge from one point to
the other in the presence of an electric field.

Let us suppose that we wish to move a positive test charge 2 from a point
P to another point Q as shown in the Fig. 2.8.

The force at any point along its path would cause the particle to accelerate
and move it out of the region if unconstrained. Since we are dealing with an
electrostatic case, a force equal to the negative of that acting on the charge
is to be applied while‘f‘}?\oves from P to Q.+The work done by this external
agent in moving the charge by a distance Bigiven by:

AW = -tgEd] (2.23)

0
Fig 2.8: Movement of Test Charge in Electric Field

The negative sign accounts for the fact that work is done on the system by
the external agent.

The potential difference between two points P and Q, Vpq, is defined as the
work done per unit charge, i.e.

=}

Q—h
Vi = =—1E-d

L
AQ
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It may be noted that in moving a charge from the initial point to the final
point if the potential difference is positive, there is a gain in potential
energy in the movement, external agent performs the work against the
field. If the sign of the potential difference is negative, work is done by the
field.

We will see that the electrostatic system is conservative in that no net
energy is exchanged if the test charge is moved about a closed path, i.e.
returning to its initial position. Further, the potential difference between
two points in an electrostatic field is a point function; it is independent of
the path taken. The potential difference is measured in Joules/Coulomb
which is referred to as Volts.

Let us consider a point charge Q as shown in the Fig. 2.9.

A Y,
Y
~_ \\.,' F_,,-*f
~ } Ff’_;-'*
-\ .
P__,--*’-f-a,-'fr \%Hh“'xl
/
-~ / \

Y

b
Y

Fig 2.9: Electrostatic Potential calculation for a point charge

Further consider the two points A and B as shown in the Fig. 2.9.
Considering the movement of a unit positive test charge from B to A, we
can write an expression for the potential difference as:

A Fr
Fog = [E -l = - —czQ G, drd, = 2 l—l
'_,34;%',]!" 4z, |7 72
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It is customary to choose the potential to be zero at infinity. Thus potential
at any point ( ra = r) due to a point charge Q can be written as the amount
of work done in bringing a unit positive charge from infinity to that point
(i.e.rg=0).

Let us now consider a situation where the point charge Q is not located at
the origin as shown in Fig. 2.10.

Fig 2.10: Electrostatic Potential due a Displaced Charge

The potential at a point P becomes

O R

4??5',:, |,r'—,r"

So far we have considered the potential due to point charges only. As any
other type of charge distribution can be considered to be consisting of
point charges, the same basic ideas now can be extended to other types of
charge distribution also.
Let us first consider N point charges Q;, Q,.....Qy located at points with

position vectors 1,2 . ... "7 The potential at a point having position vector

¥ can be written as:
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V() = o W N =
wlp-al realobe) (2.30a)
. 1 X O
F(r) = R
") =7 ng_ -
(o] (Rt BNt (2.30b)

For continuous charge distribution, we replace point charges Q, by

corresponding charge elements Lol o Pedsy Sydv depending on whether
the charge distribution is linear, surface or a volume charge distribution and
the summation is replaced by an integral. With these modifications we can
write:

Forline charge, cocooueveeeveiin o i, (2.31)

For surface charge, ... (2.32)

For volume charge, ......oovvvveeeee bl (2.33)

It may be noted here that the primed coordinates represent the source
coordinates and the unprimed coordinates represent field point.

Further, in our discussion so far we have used the reference or zero
potential at infinity. If any other point is chosen as reference, we can write:

r-—2 .c
Lz R (2.34)

where C is a constant. In the same manner when potential is computed
from a known electric field we can write:

V=—IE’-.:£E+C

The potential difference is however independent of the choice of reference.
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We have mentioned that electrostatic field is a conservative field; the work
done in moving a charge from one point to the other is independent of the
path. Let us consider moving a charge from point P; to P, in one path and
then from point P, back to P; over a different path. If the work done on the
two paths were different, a net positive or negative amount of work would
have been done when the body returns to its original position Pi. In a
conservative field there is no mechanism for dissipating energy
corresponding to any positive work neither any source is present from
which energy could be absorbed in the case of negative work. Hence the
question of different works in two paths is untenable, the work must have
to be independent of path and depends on the initial and final positions.

Since the potential difference is independent of the paths taken, Vag = - Vsa
, and over a closed path,

Applying Stokes's theorem, we can write:

—+

.}S_E“ di= I(vxg) ds =0

T (2.38)

Any vector field 4that satisfies ¥ *4="0js called an irrotational field.

From our definition of potential, we can write

dp'_ﬁd +ﬁd +ﬁdg= -4l
dx Ay dx

BVﬂ +ﬁay+ﬁa (.:fm +.:£yc;t +.:i'z'c;t) -E-di
ix ihy Az

VIV di=-E-dl (2.40)

.................................



from which we obtain,

From the foregoing discussions we observe that the electric field strength
at any point is the negative of the potential gradient at any point, negative
sign shows that Eis directed from higher to lower values of V. This gives us
another method of computing the electric field, i. e. if we know the
potential function, the electric field may be computed. We may note here
that that one scalar function %ontain all the information that three
components of Earry, the same is possible because of the fact that three
components of e interrelated by the relation . VrE

Example: Electric Dipole

An electric dipole consists of two point charges of equal magnitude but of
opposite sign and separated by a small distance.

As shown in figure 2.11, the dipole is formed by the two point charges Q
and -Q separated by a distance d , the charges being placed symmetrically
about the origin. Let us consider a point P at a distance r, where we are
interested to find the field.

Fig 2.11 : Electric Dipole

The potential at P due to the dipole can be written as:
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el b
A\ o] A A | (2.42)

o EXECOSH =dcosd
When r; and r;>>d, we can write 2 and

Therefore,

O drcosd

2

L2 T TN (2.43)

V:

We can write,

in COSlg:Qd&x'&r (2.44)

—

The quantity £=04 s called the dipole moment of the electric dipole.

Hence the expression for the electric potential can now be written as:

It may be noted that while potential of an isolated charge varies with
distance as 1/r that of an electric dipole varies as 1/r? with distance.

If the dipole is not centered at the origin, but the dipole center lies at 7',
the expression for the potential can be written as:

Po(r—rY

T

The electric field for the dipole centered at the origin can be computed as
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=l =-|—d +- ,
dr rds

_d n::osé'& N O sin;? -

= v IBVA]
+ -

prEyt | Amgr

Od L
= 2oos 8, +ain 83
4??50.?"3 I: a?’ If-‘:l
- ﬁ " - 'l
E= 3[2|:osé'cxr+s1n5'czﬂ)
BT e (2.47)

£=0d s the magnitude of the dipole moment. Once again we note that the
electric field of electric dipole varies as 1/r®> where as that of a point charge
varies as 1/r2.

Equipotential Surfaces

An equipotential surface refers to a surface where the potential is constant.
The intersection of an equipotential surface with an plane surface results
into a path called an equipotential line. No work is done in moving a charge
from one point to the other along an equipotential line or surface.

In figure 2.12, the dashes lines show the equipotential lines for a positive
point charge. By symmetry, the equipotential surfaces are spherical
surfaces and the equipotential lines are circles. The solid lines show the flux
lines or electric lines of force.

Fig 2.12: Equipotential Lines for a Positive Point Charge
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Michael Faraday as a way of visualizing electric fields introduced flux lines.
It may be seen that the electric flux lines and the equipotential lines are
normal to each other.

In order to plot the equipotential lines for an electric dipole, we observe
cosd

that for a given Q and d, a constant V requires that ' is a constant. From

this we can write ” = *¥%%38 {5 he the equation for an equipotential surface
and a family of surfaces can be generated for various values of ¢,.When
plotted in 2-D this would give equipotential lines.

To determine the equation for the electric field lines, we note that field
lines represent the direction of il space. Therefore,

A = KB K0S @ CONSTAN cerreeeeeeeeeeeeeeeeeeeee oo ees oo (2.48)

G,dr +rd8a, + G sin 8= k(G,E, +&,E, +4,8,) = di (2.49)

For the dipole under consideration =E@ , and therefore we can write,

dr _rd8

E, E,

dr _2cos8d8 _ Zd(sin 8)

TSRO RO e (2.50)

L ad
Integrating the above expression we get "~ %% € \which gives the

equations for electric flux lines. The representative plot ( ¢, = ¢ assumed) of
equipotential lines and flux lines for a dipole is shown in fig 2.13. Blue lines
represent equipotential, red lines represent field lines.

Fig 2.13: Equipotential Lines and Flux Lines for a Dipole
Boundary conditions for Electrostatic fields

In our discussions so far we have considered the existence of electric field
in the homogeneous medium. Practical electromagnetic problems often
involve media with different physical properties. Determination of electric
field for such problems requires the knowledge of the relations of field
guantities at an interface between two media. The conditions that the
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fields must satisfy at the interface of two different media are referred to as
boundary conditions .

In order to discuss the boundary conditions, we first consider the field
behavior in some common material media.

In general, based on the electric properties, materials can be classified into
three categories: conductors, semiconductors and insulators (dielectrics). In
conductor , electrons in the outermost shells of the atoms are very loosely
held and they migrate easily from one atom to the other. Most metals
belong to this group. The electrons in the atoms of insulators or dielectrics
remain confined to their orbits and under normal circumstances they are
not liberated under the influence of an externally applied field. The
electrical properties of semiconductors fall between those of conductors
and insulators since semiconductors have very few numbers of free
charges.

The parameter conductivity is used characterizes the macroscopic electrical
property of a material medium. The notion of conductivity is more
important in dealing with the current flow and hence the same will be
considered in detail later on.

If some free charge is introduced inside a conductor, the charges will
experience a force due to mutual repulsion and owing to the fact that they
are free to move, the charges will appear on the surface. The charges will
redistribute themselves in such a manner that the field within the
conductor is zero. Therefore, under steady condition, inside a conductor
2 =0

From Gauss's theorem it follows that

The surface charge distribution on a conductor depends on the shape of
the conductor. The charges on the surface of the conductor will not be in
equilibrium if there is a tangential component of the electric field is
present, which would produce movement of the charges. Hence under
static field conditions, tangential component of the electric field on the
conductor surface is zero. The electric field on the surface of the conductor
is normal everywhere to the surface . Since the tangential component of
electric field is zero, the conductor surface is an equipotential surface. As
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E= 0 inside the conductor, the conductor as a whole has the same
potential. We may further note that charges require a finite time to
redistribute in a conductor. However, this time is very small ~10" sec for
good conductor like copper.

Fig 2.14: Boundary Conditions for at the surface of a Conductor

Let us now consider an interface between a conductor and free space as
shown in the figure 2.14.Let us consider the closed path pgrsp for which we
can write,

In order to determine the normal component E,, the normal component of

£ at the surface of the conductor, we consider a small cylindrical Gaussian
surface as shown in the Fig.12. Let“fepresent the area of the top and
bottom faces and %% represents the height of the cylinder. Once again, as

Ak =0 we approach the surface of the conductor. Sincef= 0 inside the
conductor is zero,

enc]SEé-.:fE = 5B fs = pbs

50



Therefore, we can summarize the boundary conditions at the surface of a
conductor as:

Er=0 e (2.57)
g =5
0 e, (2.58)

Behavior of dielectrics in static electric field: Polarization of dielectric

Here we briefly describe the behavior of dielectrics or insulators when
placed in static electric field. Ideal dielectrics do not contain free charges.
As we know, all material media are composed of atoms where a positively
charged nucleus (diameter ~ 10m) is surrounded by negatively charged
electrons (electron cloud has radius ~ 10°m) moving around the nucleus.
Molecules of dielectrics are neutral macroscopically; an externally applied
field causes small displacement of the charge particles creating small
electric dipoles.These induced dipole moments modify electric fields both
inside and outside dielectric material.

Molecules of some dielectric materials posses permanent dipole moments
even in the absence of an external applied field. Usually such molecules
consist of two or more dissimilar atoms and are called polar molecules. A
common example of such molecule is water molecule H,0. In polar
molecules the atoms do not arrange themselves to make the net dipole
moment zero. However, in the absence of an external field, the molecules
arrange themselves in a random manner so that net dipole moment over a
volume becomes zero. Under the influence of an applied electric field,
these dipoles tend to align themselves along the field as shown in figure
There are some materials that can exhibit net permanent dipole
moment even in the absence of applied field. These materials are called
electrets that made by heating certain waxes or plastics in the presence
of electric field. The applied field aligns the polarized molecules when
the material is in the heated state and they are frozen to their new
position when after the temperature is brought down to its normal
temperatures. Permanent polarization remains without an externally
applied field.
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As a measure of intensity of polarization, polarization vector l_"Jh(in C/m?) is

MY

. 2A

P=tlim El_

defined as: ........ AV (2.59)

—

In being the number of molecules per unit volume i.e. 5 the dipole
moment per unit volume. Let us now consider a dielectric material having
polarization and compute the potential at an external point O due to an
elementary dipole v,

»

X

Fig 2.16: Potential at an External Point due to an Elementary Dipole Pdv',

dV:EﬁI’v"&R
2
With reference to the figure 2.16, we can write: A7y R
.......................................... (2.60)
Therefore,
= —dPIaRQ !
e, R
1
Re{ix 2+ =2

where x,y,z represent the coordinates of the external point O and x',y',z' are
the coordinates of the source point.

From the expression of R, we can verify that
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Using the vector identity, * WA=/V'A+AVS \where f is a scalar
quantity , we have,

vl £l p X
. E it

Converting the first volume integral of the above expression to surface
integral, we can write

Ir =

1
415,

g 7P
T LLE YA ( );fv'
4 4 R dmg 4 R

where f?*the outward normal from the surface element ds' of the
dielectric. From the above expression we find that the electric potential of a
polarized dielectric may be found from the contribution of volume and
surface charge distributions having densities

These are referred to as polarisation or bound charge densities. Therefore
we may replace a polarized dielectric by an equivalent polarization surface
charge density and a polarization volume charge density. We recall that
bound charges are those charges that are not free to move within the
dielectric material, such charges are result of displacement that occurs on a
molecular scale during polarization. The total bound charge on the surface

......................

The charge that remains inside the surface is
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The total charge in the dielectric material is zero as

iﬁpmdwlpw=13F-d§+‘[—v-}5dv=‘lv-?—tlv-ﬁ=m o)

----------------------

If we now consider that the dielectric region containing charge density
the total volume charge density becomes

--------------------

Since we have taken into account the effect of the bound charge density,
we can write

?' E" — (-'Gv + .-'D_w)
S0 e, (2.73)
Using the definition of “r we have
V(aE+F) =0 (2.74)
Therefore the electric flux density D=g&+F

When the dielectric properties of the medium are linear and isotropic,
polarisation is directly proportional to the applied field strength and

is the electric susceptibility of the dielectric. Therefore,

E=EUI:1+2’£:IE=EDE?.E=EE (2.76)

& =1* Zis called relative permeability or the dielectric constant of the

£

medium. %% s called the absolute permittivity.

A dielectric medium is said to be linear when # is independent of £ and the
medium is homogeneous if ¢ is also independent of space coordinates. A
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linear homogeneous and isotropic medium is called a simple medium and
for such medium the relative permittivity is a constant.

Dielectric constant fnay be a function of space coordinates. For anistropic
materials, the dielectric constant is different in different directions of the
electric field, D and E are related by a permittivity tensor which may be
written as:

o, &1 &1 n || &
Dy £, Fp Ea Ey
o, £ En G || (2.77)

For crystals, the reference coordinates can be chosen along the principal
axes, which make off diagonal elements of the permittivity matrix zero.
Therefore, we have

D] [ o o][&
o l=lo & oflz,
D10 O af &) (2.78)

Media exhibiting such characteristics are called biaxial. Further, if SR

then the medium is called uniaxial. It may be noted that for isotropic
media, &~ % T 5,

Lossy dielectric materials are represented by a complex dielectric constant,
the imaginary part of which provides the power loss in the medium and this
is in general dependant on frequency.

Another phenomenon is of importance is dielectric breakdown. We
observed that the applied electric field causes small displacement of bound
charges in a dielectric material that results into polarization. Strong field
can pull electrons completely out of the molecules. These electrons being
accelerated under influence of electric field will collide with molecular
lattice structure causing damage or distortion of material. For very strong
fields, avalanche breakdown may also occur. The dielectric under such
condition will become conducting.

The maximum electric field intensity a dielectric can withstand without
breakdown is referred to as the dielectric strength of the material.
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Boundary Conditions for Electrostatic Fields:

Let us consider the relationship among the field components that exist at
the interface between two dielectrics as shown in the figure 2.17. The

permittivity of the medium 1 and medium 2 are %and “respectively and

the interface may also have a net charge density <> Coulomb/m.

Medium 1

Medium 2

Fig 2.17: Boundary Conditions at the interface between two dielectrics

We can express the electric field in terms of the tangential and normal
B =B, tE,

components Z2 T Y B . (2.79)

ST
|
|

where E; and E, are the tangential and normal components of the electric
field respectively.

Let us assume that the closed path is very small so that over the elemental
path length the variation of E can be neglected. Moreover very near to the
interface, &% =0 Therefore

cjﬁ‘.é..:f? =B, o — B dow + E[Em + B ) - g[Em +E,)=0

Thus, we have,

Dy _ Do

B, =E, g

tor £2 i.e. the tangential component of an electric field is
continuous across the interface.
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For relating the flux density vectors on two sides of the interface we apply
Gauss’s law to a small pillbox volume as shown in the figure. Once again as
Ak —0 we can write

—_—

cjﬁﬁ-d'& =(Dié, +D, a4 )i = phs

i (2.81a)
e, P T T P e (2.81b)
e, B T ER =8 (2.81¢)

Thus we find that the normal component of the flux density vector D is
discontinuous across an interface by an amount of discontinuity equal to
the surface charge density at the interface.

Example

Two further illustrate these points; let us consider an example, which
involves the refraction of D or E at a charge free dielectric interface as
shown in the figure 2.18.

Using the relationships we have just derived, we can write

B, =E5n8 =£sinﬂl =H,=Esn8 =%sin &
g 1, (2.82a)

D, =Dcosd =10, =DLC0s8, (2.82b)

laing = "2sin g,
f B2 e (2.83a)
Dieos§ =D,Cosly o, (2.83b)
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Fig 2.18: Refraction of D or E at a Charge Free Dielectric Interface
Capacitance and Capacitors

We have already stated that a conductor in an electrostatic field is an
Equipotential body and any charge given to such conductor will distribute
themselves in such a manner that electric field inside the conductor
vanishes. If an additional amount of charge is supplied to an isolated
conductor at a given potential, this additional charge will increase the

surface charge density “:. Since the potential of the conductor is given by

_ 1 .pds

4;@”1!" ", the potential of the conductor will also increase
€ c-£

maintaining the ratio ¥ same. Thus we can write ¥ where the constant

of proportionality C is called the capacitance of the isolated conductor. SI
unit of capacitance is Coulomb/ Volt also called Farad denoted by F. It can It
can be seen that if V=1, C = Q. Thus capacity of an isolated conductor can
also be defined as the amount of charge in Coulomb required to raise the
potential of the conductor by 1 Volt.

Of considerable interest in practice is a capacitor that consists of two (or
more) conductors carrying equal and opposite charges and separated by
some dielectric media or free space. The conductors may have arbitrary
shapes. A two-conductor capacitor is shown in figure 2.19.
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Fig 2.19: Capacitance and Capacitors

When a d-c voltage source is connected between the conductors, a charge
transfer occurs which results into a positive charge on one conductor and
negative charge on the other conductor. The conductors are equipotential
surfaces and the field lines are perpendicular to the conductor surface. If V
is the mean potential difference between the conductors, the capacitance
2
is given by ¥ . Capacitance of a capacitor depends on the geometry of
the conductor and the permittivity of the medium between them and does
not depend on the charge or potential difference between conductors. The
capacitance can be computed by assuming Q(at the same time -Q on the

other conductor), first determining Esing Gauss’s theorem and then

. F=-[Ed] . : .
determining f . We illustrate this procedure by taking the example
of a parallel plate capacitor.
Example: Parallel plate capacitor

Gausian
Surface

g

Fig 2.20: Parallel Plate Capacitor
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For the parallel plate capacitor shown in the figure 2.20, let each plate has
area A and a distance h separates the plates. A dielectric of permittivity ¢
fills the region between the plates. The electric field lines are confined
between the plates. We ignore the flux fringing at the edges of the plates
and charges are assumed to be uniformly distributed over the conducting

_u
plates with densities sand -+ A
_8 €
By Gauss’s theorem we can write, ........ T - TOUO RN (2.85)

As we have assumed “*to be uniform and fringing of field is neglected, we
see that E is constant in the region between the plates and therefore, we

v - -2
can write £4. Thus, for a parallel plate capacitor we have,
C=Q=E£
A T (2.86)

Series and parallel Connection of capacitors

Capacitors are connected in various manners in electrical circuits; series
and parallel connections are the two basic ways of connecting capacitors.
We compute the equivalent capacitance for such connections.

Series Case: Series connection of two capacitors is shown in the figure 2.21.
For this case we can write,

AU
Cl Cﬂ
o1 1,1
@ Cao O G (2.87)
Vj VE
Clgs
| s | | Cz | | }7
I N |
+0 -0 2 - e
P o o 00—
+ - + )
. v
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Fig 2.21: Series Connection of Capacitors

o
| |
+0o7 -0 Clogs
V ||
_|'5'2|_
+0 -0i e -0
o
+ -
| |
|
+p-

Fig 2.22: Parallel Connection of Capacitors

The same approach may be extended to more than two capacitors
connected in series.

Parallel Case: For the parallel case, the voltages across the capacitors are
the same.

The total charge & =& *& =07+

Therefore,

Electrostatic Energy and Energy Density

We have stated that the electric potential at a point in an electric field is
the amount of work required to bring a unit positive charge from infinity
(reference of zero potential) to that point. To determine the energy that is
present in an assembly of charges, let us first determine the amount of
work required to assemble them. Let us consider a number of discrete
charges Qi, Q,,....... , Qn are brought from infinity to their present position
one by one. Since initially there is no field present, the amount of work
done in bring Q; is zero. Qu is brought in the presence of the field of Q;, the
work done W;= Q;V>1 where V51 is the potential at the location of Q, due to
Qu. Proceeding in this manner, we can write, the total work done

W=Vl + (o +P500 + Vil V)



Had the charges been brought in the reverse order,

W= (Pl +. FURED + Waeanwr&ia Vi )+ Voraw i
Therefore,

2 = (Pl + ¥y Pt (P v Wyt e T

Here V), represent voltage at the /™ charge location due to J* charge.
Therefore,

I
EW = IEJ’].QI o + VNQN = EP}QI
Jal
1 A7
W= EZP}QI
(O] A O (2.92)

If instead of discrete charges, we now have a distribution of charges over a
volume v then we can write,

where #is the volume charge density and V represents the potential
function.

-7 0

Since, ¥ , we can write

Using the vector identity,

VD) =D VYUV D e can write
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W = I(‘F.(Vﬁ) —E-vv) v

?(Vﬁ).ds—

[‘\_Tl|'—‘ ml-—t

I(D V) dv

¥

b | —

L §(vD)as !

In the expression 23 , for point charges, since V varies as 7and D
1 1

varies as r , the term VDvarles as - while the area varies as r2. Hence the
1

integral term varies at least as 7and the as surface becomes large (i.e.
7 =) the integral term tends to zero.

Thus the equation for W reduces to

—%I(ﬁvrf}x - %I(ﬁﬁ}x - %J(aﬁf*).;fv - Jwedv

% £,
2 , is called the energy density in the electrostatic field.

Poisson’s and Laplace’s Equations

For electrostatic field, we have seen that

Yo ll=po

B2 mTT oo eeeeeee e eeessessene e e e sss oo se s (2.97)
Form the above two equations we can write

Ve =T 8 ) = 0y e (2.98)
Using vector identity we can write, £, 0. Y VE= "8 . (2.99)

For a simple homogeneous medium, fis constant and ¥&=10 Therefore,

VY == -
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This equation is known as Poisson’s equation. Here we have introduced a
new operator, T°del square), called the Laplacian operator. In Cartesian
coordinates,

Vi =V = (Eﬁx +E§ +E@x).(a‘vax +Ea +ﬁ,§x

gx @y T o Ve T oy T & (2.101)

---------------

Therefore, in Cartesian coordinates, Poisson equation can be written as:

fv+fv+fr= 2,

' 3 W (2.102)
In cylindrical coordinates,

2 2
—) 8V]+i28 V+8E;’
rtag oz (2.103)

I?"_
rarl or ) rtagt e

In spherical polar coordinate system,

V= — sin §—
dr rranf d8

: 38 ) rsn’eag (2.104)

ridrl @ ) rfangddl d8) rantddg

1a[garf 1 a[ ar 1
— | +

At points in simple media, where no free charge is present, Poisson’s
equation reduces to

which is known as Laplace’s equation.

Laplace’s and Poisson’s equation are very useful for solving many practical
electrostatic field problems where only the electrostatic conditions
(potential and charge) at some boundaries are known and solution of
electric field and potential is to be found throughout the volume. We shall
consider such applications in the section where we deal with boundary
value problems.

ASSIGNMENT PROBLEMS

1. A charged ring of radius € carrying acharge of = C/m lies in the x-y
plane with its centre at the origin and a charge CCis placed at the
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point (0.0.24) petermine ¥h terms of #hd 9 that a test charge
placed at (0,0.2d) goes not experience any force.

2. A semicircular ring of radius liesin the free space and carries a

charge density €/m. Find the electric field at the centre of the
semicircle.

3. Consider a uniform sphere of charge with charge density**and
radius b, centered at the origin. Find the electric field at a distance r
from the origin for the two cases: r<b and r>b . Sketch the strength of
the electric filed as function of r.

4. A spherical charge distribution is given by

@t = Fia
o fa@ =
0, P

£is the radius of the sphere. Find the following:

i. The total charge.
i. Eforriagnd r>a,

iii. The value of ¥ where the £ becomes maximum.

5. With reference to the Figure 2.6 determine the potential and field at

P(0,0,4)

the point if the shaded region contains uniform charge

density /m? .

o=

Flgure 2.6

6. A capacitor consists of two coaxial metallic cylinders of length %,
radius of the inner conductor £and that of outer conductor #. A
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dielectric material having dielectric constant =3+2f“’3, where® is
the radius, fills the space between the conductors. Determine the
capacitance of the capacitor.

7. Determine whether the functions given below satisfy Laplace 's
equation

V(59.7) = e

|) ||x2 +.}?2 +Zﬂ

ii) V(0. 8.2) = pzsin g+ o
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Unit Il Magnetostatics

In previous chapters we have seen that an electrostatic field is produced by static or
stationary charges. The relationship of the steady magnetic field to its sources is much more
complicated.

The source of steady magnetic field may be a permanent magnet, a direct current or an
electric field changing with time. In this chapter we shall mainly consider the magnetic field
produced by a direct current. The magnetic field produced due to time varying electric field will
be discussed later. Historically, the link between the electric and magnetic field was established
Oersted in 1820. Ampere and others extended the investigation of magnetic effect of electricity
. There are two major laws governing the magnetostatic fields are:

o Biot-Savart Law
o Ampere's Law

—_—

Usually, the magnetic field intensity is represented by the vector . # is customary to
represent the direction of the magnetic field intensity (or current) by a small circle with a dot or
cross sign depending on whether the field (or current) is out of or into the page as shown in Fig.

: o

H (or 1) out of the page E(or | ) into the page
Fig. 4.1: Representation of magnetic field (or current)

Biot- Savart Law

This law relates the magnetic field intensity dH produced at a point due to a differential current

element ! as shown in Fig. 4.2.
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Fig. 4.2: Magnetic field intensity due to a current element
The magnetic field intensity d f gt P can be written as,

= _ldixd, IR

o H == .
4R TR e, (4.1a)
ar - 1BSina
AR e, (4.1b)
where =| |is the distance of the current element from the point P.

Similar to different charge distributions, we can have different current distribution such as line
current, surface current and volume current. These different types of current densities are
shown in Fig. 4.3.

di. _/!.]dv /
da - :
2ok

Line Current Surface Current Volume Current

Fig. 4.3: Different types of current distributions
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By denoting the surface current density as K (in amp/m) and volume current density as J (in
amp/m?) we can write:

1] = Eds = Jdv (4.2)
(It may be noted that { = £dw = Jdz)

Employing Biot-Savart Law, we can now express the magnetic field intensity H. In terms of

these current distributions.
- defx X
L for line  current.......ceceeeernvenenee (4.33)
- JTE;EE
. for surface current ........cccceeveiennnee (4.3b)
—  JdvxR
- I AR
VO for volume current .................... (4.3c)

To illustrate the application of Biot - Savart's Law, we consider the following example.

Example 4.1: We consider a finite length of a conductor carrying a current;placed along z-axis
as shown in the Fig 4.4. We determine the magnetic field at point P due to this current carrying
conductor.

]!

- (74

& a H
P P

Fig. 4.4: Field at a point P due to a finite length current carrying conductor
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With reference to Fig. 4.4, we find that

df=dzc§z and §=pa1—zax (4.4)

-+ =+

Applying Biot - Savart's law for the current element + ¢!

we can write,

—  Idi%R oz,
dH - 3 - 2 FRELY]
A5TE dalot +27] (4.5)

--------------------------------------------------------

=tan &
we can write,
L] 2 ]
Hoplfsewrda, | ! ina -sna)a,
W4:’T Fect @ A (4.6)

N

Substituting

— ol — _an?
We find that, for an infinitely long conductor carrying a current!, %~ 0 ang @ =0

F-t 4

Therefore, .......... T ettt ettt ettt e et e et rnen (4.7)

Ampere's Circuital Law:

Ampere's circuital law states that the line integral of the magnetic field 7 (circulation of H)
around a closed path is the net current enclosed by this path. Mathematically,

P e e (4.8)

The total current | enc can be written as,

I = l}.d;:
...................................... (4.9)
By applying Stoke's theorem, we can write
cj‘jﬁd?= lvxﬁ.dE
g lvxﬁ.dE =J‘f..:£_§
I (4.10)

which is the Ampere's law in the point form.



Applications of Ampere's law:

We illustrate the application of Ampere's Law with some examples.

Example 4.2: We compute magnetic field due to an infinitely long thin current carrying
conductor as shown in Fig. 4.5. Using Ampere's Law, we consider the close path to be a circle of
radius < as shown in the Fig. 4.5.

If we consider a small current element “#/(=#424;) 4 H is perpendicular to the plane containing

both ¢ and #= 4.} Therefore only component of H that will be present is %% i.e., ¥ = s

By applying Ampere's law we can write,

ix
= _ i _ _
H =%a¢ T!‘Hﬁﬁd.;é—H?,,GE;?r—f

-1,

[
Therefore, 27 “\which is same as equation (4.7)

il

/\\
I

H

Fig. 4.5: Magnetic field due to an infinite thin current carrying conductor

Example 4.3: We consider the cross section of an infinitely long coaxial conductor, the inner
conductor carrying a current | and outer conductor carrying current - | as shown in figure 4.6.
We compute the magnetic field as a function of © as follows:

In the region Y *#© *4
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Ié'?éﬂ:fp_
L (4.12)
Ime _ 1P

"o om® (4.13)

—f

Fig. 4.6: Coaxial conductor carrying equal and opposite currents

In the region Lotk

R ] 2
R TR e, (4.15)

_ f R32 _pﬂ

R ]
SO R TR e (4.16)

In the region © 2 &

Magnetic Flux Density:
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In simple matter, the magnetic flux density Erelated to the magnetic field intensity H as

B =HH \yhere “called the permeability. In particular when we consider the free space B =il

_ -7
where # 410 H/m is the permeability of the free space. Magnetic flux density is measured

in terms of Wb/m 2.

The magnetic flux density through a surface is given by:

= lgdg

In the case of electrostatic field, we have seen that if the surface is a closed surface, the net flux
passing through the surface is equal to the charge enclosed by the surface. In case of magnetic
field isolated magnetic charge (i. e. pole) does not exist. Magnetic poles always occur in pair (as
N-S). For example, if we desire to have an isolated magnetic pole by dividing the magnetic bar
successively into two, we end up with pieces each having north (N) and south (S) pole as shown
in Fig. 4.7 (a). This process could be continued until the magnets are of atomic dimensions; still
we will have N-S pair occurring together. This means that the magnetic poles cannot be
isolated.

N N N
5 | W)
N
i G
|H'F? 'af
5
N — -
s g 5 H or B lines

{a) (b}

Fig. 4.7: (a) Subdivision of a magnet (b) Magnetic field/ flux lines of a straight current carrying
conductor

Similarly if we consider the field/flux lines of a current carrying conductor as shown in Fig. 4.7
(b), we find that these lines are closed lines, that is, if we consider a closed surface, the number
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of flux lines that would leave the surface would be same as the number of flux lines that would
enter the surface.

From our discussions above, it is evident that for magnetic field,

which is the Gauss's law for the magnetic field.

By applying divergence theorem, we can write:

1‘5?@2 = Jv.ﬁdv -0

which is the Gauss's law for the magnetic field in point form.
Magnetic Scalar and Vector Potentials:

In studying electric field problems, we introduced the concept of electric potential that
simplified the computation of electric fields for certain types of problems. In the same manner
let us relate the magnetic field intensity to a scalar magnetic potential and write:

VRE =T e, (4.22)
TREIETOIE, c.veeeeeeeeeeee ettt ettt e e ettt eeeeee et enenas ) T i, (4.23)
But using vector identity, TV =0 e find that 2= V¥is valid only wheré =0 Thus the

scalar magnetic potential is defined only in the region whereJ =0 Moreover, V,, in general is
not a single valued function of position.
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This point can be illustrated as follows. Let us consider the cross section of a coaxial line as
shown in fig 4.8.

In the region @9 <t J =0 gnd e

N
'l
s
Y

Fig. 4.8: Cross Section of a Coaxial Line

!
S =gt
" Ejrgé

L
If we set V,,, =0 at #=Uthenc=0and " 27

CAt g=g V= —i%
27
We observe that as we make a complete lap around the current carrying conductor , we reach

& again but V,, this time becomes

Va = ‘E[% +27)
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We observe that value of V,, keeps changing as we complete additional laps to pass through the
same point. We introduced V,, analogous to electostatic potential V. But for static electric

. = E di=0 o = =
fields, ¥*&=0and (J’S , Whereas for steady magnetic field ¥*& =0wherever < =Ubut

THIJE - even if a];cr‘n@ the path of integration.

We now introduce the vector magnetic potential which can be used in regions where current
density may be zero or nonzero and the same can be easily extended to time varying cases. The
use of vector magnetic potential provides elegant ways of solving EM field problems.

= ~ V[vxd]=0
Since ¥-8=0and we have the vector identity that for any vector 4, ( ) , We can write

BE=Vx4

Here, the vector field Ajs called the vector magnetic potential. Its Sl unit is Wb/m. Thus if can
find Aof a given current distribution, &can be found from #Athrough a curl operation.

We have introduced the vector function Hand related its curl to E. A vector function is defined
fully in terms of its curl as well as divergence. The choice of *-4is made as follows.

TxTxd= FxH =] (4.24)

Great deal of simplification can be achieved if we choose V.A=0,

— 2_" _ _ -+
Putting V4=0, we get " A= # which is vector poisson  equation.
In Cartesian coordinates, the above equation can be written in terms of the components as

VA e e (4.27a)
R S (4.27b)
VAT e (4.27¢)

The form of all the above equation is same as that of
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vy =-£
E ettt (4.28)
for which the solution is
V=4i1§dv', R=| -7
PR, (4.29)

VA =pu
In case of time varying fields we shall see that d¢ , which is known as Lorentz condition,
V being the electric potential. Here we are dealing with static magneticfield, so ¥-4=0,

By comparison, we can write the solution for Ax as

M e g
drd &

Computing similar solutions for other two components of the vector potential, the vector
potential can be written as

pal i1:1!!’1:'
dmd R

This equation enables us to find the vector potential at a given point because of a volume
current density <. Similarly for line or surface current density we can write

T
T respectively......cccccvvvvvvvviieeenennn. (4.33)

The magnetic flux ¥through a given area S is given by

— =+

Wr= lB.ds

Substituting B=Vx4
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Vector potential thus have the physical significance that its integral around any closed path is
equal to the magnetic flux passing through that path.

Boundary Condition for Magnetic Fields:

Similar to the boundary conditions in the electro static fields, here we will consider the
behavior of Zand Zat the interface of two different media. In particular, we determine how
the tangential and normal components of magnetic fields behave at the boundary of two
regions having different permeabilities.

The figure 4.9 shows the interface between two media having permeabities “1and *2, @xbeing
the normal vector from medium 2 to medium 1.

Medium 1

=7
o7
o7
- il

15 Medium 2

Figure 4.9: Interface between two magnetic media

—

To determine the condition for the normal component of the flux density vector &, we
consider a small pill box P with vanishingly small thickness h and having an elementary area ¢
for the faces. Over the pill box, we can write

Since h --> 0, we can neglect the flux through the sidewall of the pill box.
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where

Since &' js small, we can write

(B — By JAS =0

That is, the normal component of the magnetic flux density vector is continuous across the
interface.

In vector form,

fay

on (Br-Fa) =0

To determine the condition for the tangential component for the magnetic field, we consider a
closed path C as shown in figure 4.8. By applying Ampere's law we can write

—_—

cj,SH..:ff=f

Since h -->0,

o

We have shown in figure 4.8, a set of three unit vectors @:, @and “#such that they satisfy

n o Ll - o

@r=ds*dx (R H, rule). Here #is tangential to the interface and %+is the vector perpendicular to
the surface enclosed by C at the interface
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The above equation can be written as

H\Na-HiNa == T N

i.e., tangential component of magnetic field component is discontinuous across the interface
where a free surface current exists.

If Js =0, the tangential magnetic field is also continuous. If one of the medium is a perfect
conductor J exists on the surface of the perfect conductor.

In vector form we can write,
(Fi-Ha)a: vy
- (El-m).[;,,x;n]m
Sl PR PR
Therefore,

f;:ux(ﬁl _EE) =}5

ASSIGNMENT PROBLEMS

1. Aninfinitely long conductor carries a current / A is bent into an L shape and placed as
shown in Fig. P.4.7. Determine the magnetic field intensity at a point P (0,0, a).
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Figure P.4.7

2. Consider a long filamentary carrying a current /A in the + Z direction. Calculate the
magnetic field intensity at point O (- a, a ,0). Also determine the flux through this region
described by @£ <@ 0=0q0q ~hzu<h,

3. Avery long air cored solenoid is to produce an inductance 0.1H/m. If the member of
turns per unit length is 1000/m. Determine the diameter of this turns of the solenoid.

4. Determine the force per unit length between two infinitely long conductor each carrying
current /A and the conductor are separated by a distance ? d .
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Unit IV___Electrodynamic fields

Introduction:

In our study of static fields so far, we have observed that static electric
fields are produced by electric charges, static magnetic fields are produced
by charges in motion or by steady current. Further, static electric field is a
conservative field and has no curl, the static magnetic field is continuous
and its divergence is zero. The fundamental relationships for static electric
fields among the field quantities can be summarized as:

VxXE=0 (5.1a)
vib=g (5.1b)
For a linear and isotropic medium,
D=¢E (5.1c)

Similarly for the magnetostatic case

VE=0 (5.2a)
VxH =] (5.2b)
8 =uid (5.2¢)

It can be seen that for static case, the electric field vectd¥s and”and
magnetic field vectors &hd forth separate pairs.

In this chapter we will consider the time varying scenario. In the time
varying case we will observe that a changing magnetic field will produce a
changing electric field and vice versa.

We begin our discussion with Faraday's Law of electromagnetic induction
and then present the Maxwell's equations which form the foundation for
the electromagnetic theory.
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Faraday's Law of electromagnetic Induction

Michael Faraday, in 1831 discovered experimentally that a current was
induced in a conducting loop when the magnetic flux linking the loop
changed. In terms of fields, we can say that a time varying magnetic field
produces an electromotive force (emf) which causes a current in a closed
circuit. The quantitative relation between the induced emf (the voltage that
arises from conductors moving in a magnetic field or from changing
magnetic fields) and the rate of change of flux linkage developed based on
experimental observation is known as Faraday's law. Mathematically, the
induced emf can be written as

_a¢
Emf= & Volts (5.3)

where & the flux linkage over the closed path.

dg

A non zero may result due to any of the following:

(a) time changing flux linkage a stationary closed path.
(b) relative motion between a steady flux a closed path.
(c) a combination of the above two cases.

The negative sign in equation (5.3) was introduced by Lenz in order to
comply with the polarity of the induced emf. The negative sign implies that
the induced emf will cause a current flow in the closed loop in such a
direction so as to oppose the change in the linking magnetic flux which
produces it. (It may be noted that as far as the induced emf is concerned,
the closed path forming a loop does not necessarily have to be conductive).

If the closed path is in the form of N tightly wound turns of a coil, the
change in the magnetic flux linking the coil induces an emf in each turn of
the coil and total emf is the sum of the induced emfs of the individual turns,
i.e.,
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_y4e
Emf = dt  Volts (5.4)

By defining the total flux linkage as

A=Ng (5.5)

The emf can be written as

_di
Emf= d¢ (5.6)

Continuing with equation (5.3), over a closed contour 'C' we can write

Emf =32 (5.7)

where E is the induced electric field on the conductor to sustain the
current.

Further, total flux enclosed by the contour 'C"'is given by

$= lB.ds .

Where S is the surface for which 'C' is the contour.

From (5.7) and using (5.8) in (5.3) we can write

§,Fdi=-2g Bas

(5.9)
By applying stokes theorem
I?XE.dE= ! 98 43
8 S 3t (5.10)

Therefore, we can write
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TxE = —E
at (5.11)

which is the Faraday's law in the point form

d¢
We have said that non zero#an be produced in a several ways. One
particular case is when a time varying flux linking a stationary closed path
induces an emf. The emf induced in a stationary closed path by a time
varying magnetic field is called a transformer emf .

Example: Ideal transformer

As shown in figure 5.1, a transformer consists of two or more numbers of
coils coupled magnetically through a common core. Let us consider an ideal
transformer whose winding has zero resistance, the core having infinite
permittivity and magnetic losses are zero.

I p—
Ve | ez (1)
T<s —a
- \
Primary
winding Secondary
winding

Fig 5.1: Transformer with secondary
open

These assumptions ensure that the magnetization current under no load
condition is vanishingly small and can be ignored. Further, all time varying
flux produced by the primary winding will follow the magnetic path inside
the core and link to the secondary coil without any leakage. If N; and N, are
the number of turns in the primary and the secondary windings
respectively, the induced emfs are
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5?1:”1@

dt (5.12a)
2, =N, ﬁ
dif (5.12b)

(The polarities are marked, hence negative sign is omitted. The induced emf
is +ve at the dotted end of the winding.)

g, M (5.13)

ca M

i.e., the ratio of the induced emfs in primary and secondary is equal to the
ratio of their turns. Under ideal condition, the induced emf in either
winding is equal to their voltage rating.

n_M
v; (5.14)

where 'a' is the transformation ratio. When the secondary winding is
connected to a load, the current flows in the secondary, which produces a
flux opposing the original flux. The net flux in the core decreases and
induced emf will tend to decrease from the no load value. This causes the
primary current to increase to nullify the decrease in the flux and induced
emf. The current continues to increase till the flux in the core and the
induced emfs are restored to the no load values. Thus the source supplies
power to the primary winding and the secondary winding delivers the
power to the load. Equating the powers

i =ipv (5.15)
How e N

Wovmoe N (5.16)
Further,

By =y =0 (5.17)
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i.e., the net magnetomotive force (mmf) needed to excite the transformer
is zero under ideal condition.

Motional EMF:

Let us consider a conductor moving in a steady magnetic field as shown in
the fig 5.2.

=1 Os

Fig 5.2
If a charge Q moves in a magnetic field E, it experiences a force
F=QvxB (5.18)

This force will cause the electrons in the conductor to drift towards one end
and leave the other end positively charged, thus creating a field and charge
separation continuous until electric and magnetic forces balance and an
equilibrium is reached very quickly, the net force on the moving conductor
is zero.

=yx B
can be interpreted as an induced electric field which is called the
motional electric field

| =)

Ew =vX L (5.19)
If the moving conductor is a part of the closed circuit C, the generated emf

VX EBdi
around the circuit is Epﬂ . This emf is called the motional emf.
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A classic example of motional emf is given in Additonal Solved Example
No.1.

Maxwell's Equation

Equation (5.1) and (5.2) gives the relationship among the field quantities in
the static field. For time varying case, the relationship among the field
vectors written as

vxg--2

ot (5.20a)
VxH=J (5.20b)
vih=p (5.20c)
VE=0 (5.20d)
In addition, from the principle of conservation of charges we get the
equation of continuity

vi--%
ot (5.21)

The equation 5.20 (a) - (d) must be consistent with equation (5.21).

We observe that

VVxH=0=V.J (5.22)

Since VVxAjs zero for any vector A,
Thus TXE=japp|ies only for the static case i.e., for the scenario when
%F‘:u

A classic example for this is given below

Suppose we are in the process of charging up a capacitor as shown in fig
5.3.

88



Amperian Loop

/

Balloon shaped

surinee
=

Fig 5.3

Let us apply the Ampere's Law for the Amperian loop shown in fig 5.3. lepc =
| is the total current passing through the loop. But if we draw a baloon
shaped surface as in fig 5.3, no current passes through this surface and
hence le.nc = 0. But for non steady currents such as this one, the concept of
current enclosed by a loop is ill-defined since it depends on what surface
you use. In fact Ampere's Law should also hold true for time varying case as
well, then comes the idea of displacement current which will be introduced
in the next few slides.

We can write for time varying case,

v.[vxﬁ) —o-vF+2°

di
-~ A=
=% J+ %0
i
~ 3D
="‘-._"'r. |JT+E
(5.23)
v><§=5+@
ds (5.24)

The equation (5.24) is valid for static as well as for time varying case.

Equation (5.24) indicates that a time varying electric field will give rise to a
a0
magnetic field even in the absence of <. The term & has a dimension of

. Al . . .
current densities [ m )and is called the displacement current density.

89



a0
Introduction of & in ¥*X equation is one of the major contributions of
Jame's Clerk Maxwell. The modified set of equations

?xﬁ = —E
Bt (5.25a)
TxF-F+ 22
at (5.25b)
V.D=p (5.25c¢)
VE=0 (5.25d)

is known as the Maxwell's equation and this set of equations apply in the

=0
— =1
time varying scenario, static fields are being a particular case (af .

In the integral form

= ]
Edi--[ 2245
Bl (5.262)

Hdl= .j"+— A5 =1+ —.:;t’S
(‘F ‘r[ J. (5.26b)

[,7-Ddv=¢ DdS = [ odv (5.260)

§Eas=0 (5.26d)

The modification of Ampere's law by Maxwell has led to the development
of a unified electromagnetic field theory. By introducing the displacement
current term, Maxwell could predict the propagation of EM waves.
Existence of EM waves was later demonstrated by Hertz experimentally
which led to the new era of radio communication.

Boundary Conditions for Electromagnetic fields
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The differential forms of Maxwell's equations are used to solve for the field
vectors provided the field quantities are single valued, bounded and
continuous. At the media boundaries, the field vectors are discontinuous
and their behaviors across the boundaries are governed by boundary
conditions. The integral equations(eqn 5.26) are assumed to hold for
regions containing discontinuous media.Boundary conditions can be
derived by applying the Maxwell's equations in the integral form to small
regions at the interface of the two media. The procedure is similar to those
used for obtaining boundary conditions for static electric fields (chapter 2)
and static magnetic fields (chapter 4). The boundary conditions are
summarized as follows

With reference to fig 5.3

&IX(E—E)% 5.27(a)
& (D -1;) = 5.27(5)
&, (H - Hy) =5 5.27(c)
& (B ~B;)=0 5.27(d)

. 2
Regiof =

Fig 5.4

Equation 5.27 (a) says that tangential component of electric field is
continuous across the interface while from 5.27 (c) we note that tangential
component of the magnetic field is discontinuous by an amount equal to
the surface current density. Similarly 5.27 (b) states that normal

component of electric flux density vectors discontinuous across the
interface by an amount equal to the surface current density while normal
component of the magnetic flux density is  continuous.
If one side of the interface, as shown in fig 5.4, is a perfect electric
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—_—

J

conductor, say region 2, a surface current”s can exist even though Z£is

zeroasd ==
Thus eqn 5.27(a) and (c) reduces to

a, < H =J, (5.28(a))
a, X E =0 (5.28(2))

Wave equation and their solution:

From equation 5.25 we can write the Maxwell's equations in the
differential form as

7 D=p
v B=0
Let us consider a source free uniform medium having dielectric constant,

magnetic permeability “and conductivity ©. The above set of equations
can be written as

—

v><§=f:r§+s§ (5.29(a))
—=_ 3H

VRE=—f— (5.29(2))

V-E=0 (5.29())

VoH =0 (5.29(d))

Using the vector identity,
vxvxﬁw-(vﬁ)—vu

We can write from 5.29(b)
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v><v><§=v-(w-§)—v3§

7
i

=_Tx

_ V(VE)TEun (V2R

Substituting V< H from 5.29(a)

?'(?'E)—TEE=—,{J%

—~ AE
TH+ E‘—]
o

But in source free medium V' & = U(egn 5.29(c))

a ar’ (5.30)
In the same manner for equation egn 5.29(a)

v><v><§=v-[v-§)—v2§

Since V' & = 0from eqgn 5.29(d), we can write

— ag PE

2
o (5.31)

These two equations
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*H
A

— aH
VY =,m:r[§ + ue

are known as wave equations.

It may be noted that the field components are functions of both space and
time. For example, if we consider a Cartesian co ordinate system, Fand A

— —_—

essentially represents E[x’y’z’fjand H[x’y’z’fj. For simplicity, we consider

propagation in free space , i.e.o=0, 474 and £~ % The wave egnin
equations 5.30 and 5.31 reduces to

— 3 E
?2E=,{JDED[?] (5.32(a)]

— a*H
VIH = g, [?] (5.32(b))

Further simplifications can be made if we consider in Cartesian co ordinate
system a special case where EandH
EandH

are considered to be independent in

two dimensions, say are assumed to be independent of y and z.
Such waves are called plane waves.
From eqgn (5.32 (a)) we can write

E
A

3*E
= = Sty

The vector wave equation is equivalent to the three scalar equations

e r -1

A E

Bx; = 5,44, aﬁx (5.33(.@)
v !

a2E. 32 g, |

- | (5.33(%))
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3 E, 3 E,
- T (5336

Since we have ¥ #=0

O B/ L (5.24)
g dy iz

As we have assumed that the field components are independent of y and z
eqn (5.34) reduces to

85, _,
ox (5.35)

there is no variation of E, in the x direction.

0E, _, PE _,
Further, from 5.33(a), we find that &  implies & which requires
any three of the conditions to be satisfied: (i) Ex=0, (ii)Ex = constant, (iii)Ex

increasing uniformly with time.

A field component satisfying either of the last two conditions (i.e (ii) and
(iii))is not a part of a plane wave motion and hence E, is taken to be equal
to zero. Therefore, a uniform plane wave propagating in x direction does
not have a field component (E or H) acting along x.

Without loss of generality let us now consider a plane wave having E,
component only (Identical results can be obtained for E; component) .

The equation involving such wave propagation is given by

AR e
%[ ] (536)

ae*
The above equation has a solution of the form

Ey=fl[x—vu.f:|+f3|:x+vnz) (5.37)
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1
v =

1}
where yH

Thus equation (5.37) satisfies wave eqn (5.36) can be verified by
substitution.

Alx=wt) corresponds to the wave traveling in the + x direction while

Sz +wg) corresponds to a wave traveling in the -x direction. The general
solution of the wave eqgn thus consists of two waves, one traveling away
from the source and other traveling back towards the source. In the
absence of any reflection, the second form of the eqn (5.37) is zero and the
solution can be written as

B = Alxw) (5.38)
Such a wave motion is graphically shown in fig 5.5 at two instances of time

t1 and t,.

fifx - vt}

Y

Fifx = vatz)
=i

L-l— y [f.g - j —rl X

|

Fig 5.5 : Traveling
wave in the + x direction

Let us now consider the relationship between E and H components for the
forward traveling wave.

E= a, B, =a,f (x = vt

Since and there is no variation along y and z.
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Since only zcomponent of VXE exists, from (5.29(b))

3E,  aH

=

ERE. (5.39)

and from (5.29(a)) with @=10, only H, component of magnetic field being
present
— i

VxH=-a,—
X

aH, __ 8B,

i E-D _
x o (5.40)

Substituting E, from (5.38)

=g —— =£Fv x—wi
I ey nnf1[ n)
8H5,= 1

(x-wt
- £, '_,{quuﬂ[x Vit )
, ’E‘ .
SHo= Elj‘l‘fl I:x—vu.ﬁ:l.:ix+c

Ho= |2 +c
Hy

The constant of integration means that a field independent of x may also
exist. However, this field will not be a part of the wave motion.

Hence *o (5.41)

which relates the E and H components of the traveling wave.
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E
zg= =2 = [ 21007 or 37702
Hx IE-IZI

'.{-{D
ZD i

ASSIGNMENT PROBLEMS

4
1. A rectangular loop of area axq m potates at fad/s in a magnetic

fields of B Wb/m? normal to the axis of rotation. If the loop has N
turns determine the induced voltage in the loop.

2. If the electric field component in a nonmagnetic dielectric medium is
given by

E=5010g(10° - 824,

determine the dielectric constant and the corresponding A,
3. Avector field 4in phasor form is given by

A = joye G

Express Ain instantaneous form.
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Unit V_Electromagnetic waves

In the previous chapter we introduced the equations pertaining to wave
propagation and discussed how the wave equations are modified for time
harmonic case. In this chapter we discuss in detail a particular form of
electromagnetic wave propagation called 'plane waves'.

The Helmhotz Equation:

In source free linear isotropic medium, Maxwell equations in phasor form
are,

VX E=-joud VxE =0
VxH = jock TxH =0
TRTRE =v(v><_5’) ~VE = _jeuWx H
or, V' E = -jaujocE)

or TV E+ @t usk =0
or, V'E+K*E =0\here * = @lke

An identical equation can be derived for H,
e, VH+KH=0

These equations

are called homogeneous vector Helmholtz's equation.
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%= @JHE s called the wave number or propagation constant of the

medium.

Plane waves in Lossless medium:
In a lossless medium, gand i gre real numbers, so k is real.

In Cartesian coordinates each of the equations 6.1(a) and 6.1(b) are
equivalent to three scalar Helmholtz's equations, one each in the
components Ey, E, and E; or Hx, Hy, H..

For example if we consider Ex component we can write

2 2 2
OE OB FE e,
a Bt A " (6.2)

A uniform plane wave is a particular solution of Maxwell's equation
assuming electric field (and magnetic field) has same magnitude and phase
in infinite planes perpendicular to the direction of propagation. It may be
noted that in the strict sense a uniform plane wave doesn't exist in practice
as creation of such waves are possible with sources of infinite extent.
However, at large distances from the source, the wavefront or the surface
of the constant phase becomes almost spherical and a small portion of this
large sphere can be considered to plane. The characteristics of plane waves
are simple and useful for studying many practical scenarios.

Let us consider a plane wave which has only Ex component and propagating
along z . Since the plane wave will have no variation along the plane
dE, A&

¥ o=

perpendicular to z i.e., xy plane, 9% & . The Helmholtz's equation
(6.2) reduces to,

The solution to this equation can be written as
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B,(2) = B () + B (2)
- E,'e "+ B o™ (6.4)

Ey &E; are the amplitude constants (can be determined from boundary

conditions).

In the time domain, &8 = Re(E, (2)e™)

£x(z,8) = B cos(at —kz)+ B cos(ax + iz

B & E;

assuming are real constants.

Here, 5% (2.£) = &7 cos(a& = 2] Lo prasents the forward traveling wave. The

plot of (2.2) for several values of t is shown in the Figure 6.1.

f

Figure 6.1: Plane wave traveling in the + z direction

As can be seen from the figure, at successive times, the wave travels in the
+z direction.

If we fix our attention on a particular point or phase on the wave (as shown
by the dot) i.e., #!~%2 = constant
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Then we see that as tis increased to ¢+ £ z also should increase to z +4¢
so that

i +48) —k(z + A7) = constant = @ — Sz

Or, aiht =khz
ﬂz=m
Or, & &

When Mt —=0 ,

Fil

lim — =
we write #2° £  df = phase velocity =.

| &

Ve =

= | 8

If the medium in which the wave is propagating is free space i.e.,
E=8 . 1= My

=2 _-_1 .c
Then ' Ofthes kY

Where 'C' is the speed of light. That is plane EM wave travels in free
space with the speed of light.

The wavelength 4is defined as the distance between two successive
maxima (or minima or any other reference points).

ieq[w—kﬂ—[m—k@+ﬂﬂ=2ﬁ
Or' bi=2x
1=2F
or, k
@

Substituting "2,

10



_ 27TV, _ Vs

i F

Thus wavelength 4 also represents the distance covered in one oscillation

of the wave. Similarly, (2.6) = & cos(ax + k) represents a plane wave

traveling in the -z direction.

The associated magnetic field can be found as follows:
From (6.4),

Ey (2) = Byte ™ an

H=-—l vxF
g
dr 4y ds
1 i
=-— |:| |:| N
Jai dz
ER™ 0 0
iE}"’E_ﬁxa
_ o
ELE"’IX@ = H e g,
=7 (6.8)
_au_ au _ [u
"k T odur Ve
where HE is the intrinsic impedance of the medium.

When the wave travels in free space

M = [0 =120 = 37702
i is the intrinsic impedance of the free space.
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In the time domain,

H (z.8)=ay

Which represents the magnetic field of the wave traveling in the +z
direction.

For the negative traveling wave,

¥

E_(z,.tj =—ga E;'; cos[mﬁ + ,e‘j’z)

For the plane waves described, both the E & H fields are perpendicular to
the direction of propagation, and these waves are called TEM (transverse
electromagnetic) waves.

The E & H field components of a TEM wave is shown in Fig 6.2.

|.II

Figure 6.2 : E & H fields of a particular plane wave at time t.

TEM Waves:
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So far we have considered a plane electromagnetic wave propagating in the
z-direction. Let us now consider the propagation of a uniform plane wave in
any arbitrary direction that doesn't necessarily coincides with an axis.

For a uniform plane wave propagating in z-direction

o
E(z)= 2™, Bis 3 constant VeCtor. .....vverveeeeeenn.. (6.11)

The more general form of the above equation is

E[x, y,z) = Fog arib-ih

This equation satisfies Helmholtz's equation ¥ & +&" & = 0 provided,

kErk k=1 =atue

. F=a ik +ak +tak =ka
We define wave number vector LA R S  eereeerensenneenarranns

(6.14)

And radius vector from the origin

- o o .

FEa xta,ytacz (6.15)

Therefore we can write

bl

[ a— — o~ — o
Hir= Eoe " = Bog~

LU

Here #= 7" =constant is a plane of constant phase and uniform amplitude just
— _ — —J.Fx

in the case of £} = Zoe™™

z =constant denotes a plane of constant phase and uniform amplitude.

If the region under consideration is charge free,
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v.(_g“ue-f”) -0

V.(fA) = AVF + V.4
Using the vector identity (f ) s

we can write,

Eo Y [e'ﬁ’ﬂ" ';] =0

i.e., £vis transverse to the direction of the propagation.

The corresponding magnetic field can be computed as follows:

— 1 - 1 N
H[r) =—ET><E(3~) =—va(gng i%. )
Using the vector identity,
?X(WH)=W><H+‘?W><E

Since #uis constant we can write,

Fi) =L w7 < E,

je
=L | jkayx Boe -’_]
J@L
-k <E(r)
@

10
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Where #s the intrinsic impedance of the medium. We observe thdt) is

Ll

. E(r .
perpendicular to both % and (r) Thus the electromagnetic wave

— -+

i —_
represented by a r")ls a TENfvave.
Plane waves in a lossy medium :

In a lossy medium, the EM wave looses power as it propagates. Such a
medium is conducting with conductivity #&d we can write:

—

VxH =]+ jwcE=(c+ jac)E

=jm[€+_£]§
St
SSREE (6.19)
£ =£-j—=¢£"-j&"
Where @ is called the complex permittivity.

We have already discussed how an external electric field can polarize a
dielectric and give rise to bound charges. When the external electric field is
time varying, the polarization vector will vary with the same frequency as
that of the applied field. As the frequency of the applied filed increases, the
inertia of the charge particles tend to prevent the particle displacement
keeping pace with the applied field changes. This results in frictional
damping mechanism causing power loss.

In addition, if the material has an appreciable amount of free charges, there
will be ohmic losses. It is customary to include the effect of damping and

ohmic losses in the imaginary part of %. An equivalent conductivity @ =@&"
represents all losses.
E

The ratio £'is called loss tangent as this quantity is a measure of the power
loss.

10



.._J?.-.-j' = j&?E'E

I
I
I
I
I
I
I
I
I
I

T

j;=JE

Fig 6.3 : Calculation of Loss Tangent

With reference to the Fig 6.3,

:T; ar £
tan5=_h—=—=—l
|st| @E £

where {s the conduction current density and-is displacement current
density. The loss tangent gives a measure of how much lossy is the medium

(o<< @), tan .

under consideration. For a good dielectric medium is very

small and the medium is a good conductor if (o a¢) . A material may be a

good conductor at low frequencies but behave as lossy dielectric at higher
frequencies.

For a source free lossy medium we can write

VxH=(c+ jee)E V.H=0
VxE=—joul VE=0
VRTRE =v[‘?,§) ~VE = - jeuv < H = -jau(o+ joc)E

1 _ .2 o
-::*r,? E_:]/ =10 (6.22)

Where ¥ ~Jeu(a+ jag)

10



Proceeding in the same manner we can write,

ViH -y H =0

=g+if= \['Jm,u J+J&JE‘ Ja:r.,f_[1+—

jae
is called the propagation constant.

The real and imaginary parts % and £of the propagation constant #can be
computed as follows:

¥ =[¢:}:+:-i,5)2 = jau(at joe)
ar,at - & = —aus

Coat - [a:r;m' = - ue

ar,dat +daf e’ ue = @t o

ordat vdaltetus + o't et = @t it v ot e

c:'r",[E.::E2 +m2'ﬂ'€)j =@t i’ [1+ ;;]

......................................... (6.23b)

Let us now consider a plane wave that has only x -component of electric
field and propagate along z .

10



VB - (e B e, (6.24)

Considering only the forward traveling wave

E‘[z,.ﬁ) =Ee [E{e_"xej"’t);

X

2

= E'e™ oz (@t - Bz )a,

................................... (6.25)
. 1 —
#=-_ VxE
Similarly, from S , we can find
s EI:I —Z o
Az, t)=—e¢ “cos(at- fz)a,
e (6.26)
7= L2 - e
Where arjaE
R Eu —xE o
e cos(mﬁ—ﬁz—ﬂx)ay
i (6.27)

From (6.25) and (6.26) we find that as the wave propagates along z, it

decreases in amplitude by a factof . Therefore & known as

attenuation constant. Further &hd aré?out of phase by an angle . &

o
— << , .
For low loss dielectric, @& ,l.e., £ =58,

Using the above condition approximate expression for © and £ can be
obtained as follows:

qliz
y=a+if= jofue [l—f—
£

]
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2 v
For good conductors @&

a a
= j@jue | 1+ — | = j@jue (—
L LN [ jme] S or

We have used the relation

Fo oo e

2

From (6.31) we can write

a+ifi= JRFuT + T fue

...............

11



Tri)
7 - | Jau
. lap
jae

g\{EJ’E= Jage

£ & g

=(1+J':| m

Poynting Vector and Power Flow in Electromagnetic Fields:

Electromagnetic waves can transport energy from one point to another
point. The electric and magnetic field intensities asscociated with a
travelling electromagnetic wave can be related to the rate of such energy
transfer.

Let us consider Maxwell's Curl Equations:

‘?xﬁ =—E
ek
wxE =7+
¢

Using vector identity
v, (EXE) ~HV*E-EVxH

the above curl equations we can write

11



v(5)--7 L (7.2
or, v (Exil)--HE 57522 o35

= r
gos_ o — uH?
g a2
=y f 3
E@=i _#Eﬂ L
¢t dl2 ] gpnd EJ=oF

~ = a1 1
.'.T.(EKH)=—— —e B+ uH |- B
a2 2

Applying Divergence theorem we can write,

(EKE)dEhE Lol |ay - portar
Al 2 2

;J[%e B +%;¢H3]dV
¢ represents the rate of change of energy
JJE%PV

The term

stored in the electric and magnetic fields and the term represents
the power dissipation within the volume. Hence right hand side of the
equation (6.36) represents the total decrease in power within the volume
under consideration.

§(E<T)a5 - §PaF
The left hand side of equation (6.36) can be written as

where P =_EPXE(W/th) is called the Poynting vector and it represents the
power density vector associated with the electromagnetic field. The
integration of the Poynting vector over any closed surface gives the net
power flowing out of the surface. Equation (6.36) is referred to as Poynting
theorem and it states that the net power flowing out of a given volume is

11



equal to the time rate of decrease in the energy stored within the volume
minus the conduction losses.

Poynting vector for the time harmonic case:

For time harmonic case, the time variation is of the forﬁ‘f}"i and we have
seen that instantaneous value of a quantity is the real part of the product
of a phasor quantity and e’“when cos @ js used as reference. For example,
if we consider the phasor

E[z) = cz: E,(z)= a: EgiFs
then we can write the instanteneous field as
E[z,f,:l =Ee [E[z:l é‘jﬂ!] = By cos( @t — 8z) c;;

when Eo is real.
Let us consider two instanteneous quantities A and B such that

A=Fe (Ae:'j‘"’) = |A|cos[mﬁ + ::r)

B =Re(Be™ ) =|B|cos(at + 8)

where A and B are the phasor quantities.
oA
B =|Ble*

Therefore,

Al = |H|COSI[€TJ£ + a’)|3|ms[mﬁ + ﬁj

- %|ﬂ||3|[.:os[a- 8)+ cos (20t +a+ )]



7=

Since A and B are periodic with period @ , the time average value of
the product form AB, denoted by AE can be written as

— 1f
AB = —Jﬂﬂdﬁ

il
E§=nghm@rﬁ)

Further, considering the phasor quantities A and B, we find that
45" = |4le” |5l = |aple

Re(AB") =|4||B|cos (@~ 8)

and , where * denotes complex conjugate.

!

The poynting vector = ExH can be expressed as

P-a,(BH,-EH,)+va, (BH,-EH,)+ a(EH, - BH,)

¥

If we consider a plane electromagnetic wave propagating in +z direction

and has only E*component, from (6.42) we can write:
Pe=E, (z,0)H,(z.6)a
Using (6.41)

Pray = éRe [Ex (z) H’; [z)a:]

Em=%ngA@xHﬂﬂj

11



where £@=E£(2)a, 34

consideration.

For a general case, we can write

We can define a complex Poynting vector

5-1EF
2

H(z)=H (2)a, g

or the plane

wave under

and time average of the instantaneous Poynting vector is given by

Po =Re(F)

Polarisation of plane wave:

The polarisation of a plane wave can be defined as the orientation of the
electric field vector as a function of time at a fixed point in space. For an
electromagnetic wave, the specification of the orientation of the electric
field is sufficent as the magnetic field components are related to electric
field vector by the Maxwell's equations.

Let us consider a plane wave travelling in the +z direction. The wave has

both Ex and E, components.

The corresponding magnetic fields are given by,

— o

H= —cxxXE
7

1 o o ~ iz
= Eazx a K+ a, Eﬂy g

11



1 e o .
= —[—E@aﬁ K. ax]e_m’
7

Depending upon the values of E,x and E,, we can have several possibilities:
1. If E,y = 0, then the wave is linearly polarised in the x-direction.
2. If E,y = 0, then the wave is linearly polarised in the y-direction.

3. If Eox and E,y are both real (or complex with equal phase), once again we
get a linearly polarised wave with the axis of polarisation inclined at an
)

-1 oy

B , With respect to the x-axis. This is shown in fig 6.4.

tan

angle

Fig 6.4 : Linear Polarisation

4. If Eox and Eoy are complex with different phase angles, E will not point
to a single spatial direction. This is explained as follows:

Let Bor = |Eale®
5, =[5,
Then,

11



E(zf)=Fe [|Em|£'?h£""’“ej‘"’] = |Em ||:os (@t - Bz +a)

nd E,(z.£)=Re [Eﬂy eﬁe_‘?ﬁxej""] = |&, cos{qt — Bz +d)
.................................... (6.46)
b T
To keep the things simple, let us consider a =0 and 2 . Further, let us
study the nature of the electric field on the z =0 plain.
From equation (6.46) we find that,
B (o) =|E,|cos ax
ra .
B (o,t) = |&,,|cos| @t +§ = |E (—sin @)
E P :
£ £
TE['G] )] +[ yg[ﬂ’ ) =cos® @ +sin” ot =1
- L (6.47)
and the electric field vector at z = 0 can be written as
Elo.6) = [Buleos(@)am|Bppin (@)@, | e (6.48)
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. |E |>|E E . . :
Assuming B 1, the plot of Blo.2) for various values of t is hown in
.
i
i=3z2w
Eox
p_——“ h_-x
i=am =0
Eoy
= mle

figure 6.5.
Figure 6.5 : Plot of E(o,t)

From equation (6.47) and figure (6.5) we observe that the tip of the arrow
representing electric field vector traces gn ellipse and the field is said to be
elliptically polarised.

Figure 6.6: Polarisation ellipse

The polarisation ellipse shown in figure 6.6 is defined by its axial ratio(M/N,
the ratio of semimajor to semiminor axis), tilt angle¥(orientation with
respect to xaxis) and sense of rotation(i.e., CW or CCW).
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Linear polarisation can be treated as a special case of elliptical polarisation,
for which the axial ratio is infinite.

In our example, if | ‘”‘| @1, from equation (6.47), the tip of the arrow
representing electric field vector traces out a circle. Such a case is referred

to as Circular Polarisation. For circular polarisation the axial ratio is unity.
i
/_rﬂ“

hS

S

Figure 6.7: Circular Polarisation (RHCP)

Further, the circular polarisation is aside to be right handed circular
polarisation (RHCP) if the electric field vector rotates in the direction of the
fingers of the right hand when the thumb points in the direction of
propagation-(same and CCW). If the electric field vector rotates in the
opposite direction, the polarisation is asid to be left hand circular
polarisation (LHCP) (same as CW).

In AM radio broadcast, the radiated electromagnetic wave is linearly
polarised with the field vertical to the ground( vertical polarisation)
where as TV signals are horizontally polarised waves. FM broadcast is
usually carried out using circularly polarised waves.

In radio communication, different information signals can be transmitted at
the same frequency at orthogonal polarisation ( one signal as vertically
polarised other horizontally polarised or one as RHCP while the other as
LHCP) to increase capacity. Otherwise, same signal can be transmitted at

12



orthogonal polarisation to obtain diversity gain to improve reliability of
transmission.

Behaviour of Plane waves at the inteface of two media:

We have considered the propagation of uniform plane waves in an
unbounded homogeneous medium. In practice, the wave will propagate in
bounded regions where several values of £#:“ will be present. When plane
wave travelling in one medium meets a different medium, it is partly
reflected and partly transmitted. In this section, we consider wave
reflection and transmission at planar boundary between two media.

]

Medium 1 Medium 2

e, j, O o, oz, &

l E, I E;
‘ﬂ!r Jii E’M

r

E;
é—.—-ﬁ
H;

L ST

- =

Fig 6.8 : Normal Incidence at a plane boundary

Casel: Let z = 0 plane represent the interface between two media. Medium

1 is characterised by (&, 4.21) and medium 2 is characterized by [52,;,;2,52).

Let the subscripts 'i' denotes incident, 'r' denotes reflected and 't' denotes
transmitted field components respectively.

The incident wave is assumed to be a plane wave polarized along x and

s

travelling in medium 1 along % direction. From equation (6.24) we can
write

12



Bi(z)=Beay (6.49.a)
Bi(2) = Lo, (z) = Zeae s,
iz B e (6.49.b)
, - [
where yl:“jjmﬂl(‘jlwmgl)and L Yarjas :

Because of the presence of the second medium at z =0, the incident wave
will undergo partial reflection and partial transmission.

o

The reflected wave will travel along “: in medium 1.

The reflected field components are:

R (6.50a)
7 1 " = E
Hr=—[_ﬂz]><g e a, =-—¢"a,

& L (6.50b)

o

The transmitted wave will travel in medium 2 along “ for which the field
components are

i n
Ey=E e a

E:r =E—mé‘_r‘xc};
e (6.51b)
5, = J @y
. . 2 .
where 2 =\/Jm#3 (o + jog;) and DT
In medium 1,

12



E1 =E;‘ +Erand El=gi+gr
and in medium 2,
Ej =E:and Ez =E:r

Applying boundary conditions at the interface z = 0, i.e., continuity of
tangential field components and noting that incident, reflected and
transmitted field components are tangential at the boundary, we can write

g Hi(0)+Hr (0)= H:(0)

From equation 6.49 to 6.51 we get,

0 T 0 T e (6.52a)
By B _ B
L L e (6.52b)

Eliminating E,

LB lig,ez,)
L T R
sl 1)og (1.1
or, o T T
or, B, =18,
T_??z_??l
e S (6.53)

is called the reflection coefficient.

From equation (6.52), we can write

12



is called the transmission coefficient.

We observe that,

Tt Tt (6.55)

T = 20y _ My Tt oty 14T

The following may be noted
(i) both Tand T are dimensionless and may be complex

iy O <l <

Let us now consider specific cases:

Case I: Normal incidence on a plane conducting boundary

The medium 1 is perfect dielectric |[Jl:[j)and medium 2 is perfectly

conducting (o = m:'.

fat

ST =
5

7y =10

| =~j(fmﬁ1)[fm51:'
=@ E = JA

From (6.53) and (6.54)
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t=-1
and T =0

Hence the wave is not transmitted to medium 2, it gets reflected entirely
from the interface to the medium 1.

31[ 1=E, e "ﬁ'xc: -E, 2% . = 24E, sin,a?tlz.:;t:
) (z.£)=Re [—EJEW sit1 ﬁzej‘"r].::;; = 28, sin Sz sin Cﬂffif;,

Proceeding in the same manner for the magnetic field in region 1, we can
show that,

The wave in medium 1 thus becomes a standing wave due to the super
position of a forward travellmg wave and a backward travelling wave. For a
given 't', both a%\d var“y'ﬂ'smusmdally with distance measured from z =

0. This is shown in figure 6.9.

wt = 3 g2

\_/?

@l = @l = g2
fer) By versus g o=
parmer
coNGUCTor
il = o
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Figure 6.9: Generation of standing wave

Zeroes of E;(z,t) and Maxima of Hy(z,t).

Maxima of E1(z,t) and zeroes of Hi(z,t).

b

soccur at Bz =-am orz = —HE

[N

o

L OCCUE at ﬁlz=—[2?z+1) > orz=—[2}2+1) Lo a=012 .

|

Case2: Normal incidence on a plane dielectric boundary

If the medium 2 is not a perfect conductor (i.e. 2 =) partial reflection will
result. There will be a reflected wave in the medium 1 and a transmitted
wave in the medium 2.Because of the reflected wave, standing wave is

formed in medium 1.
From equation (6.49(a)) and equation (6.53) we can write

E1=E, (e“"x + ref'*')&x

Let us consider the scenario when both the media are dissipation less i.e.

perfect dielectrics ( &1~ % & =Y)
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W= JanfinE =08 = fal
£
T

o2

R (6.60)

Fo = @ Ey = G 5 7y =

In this case both §hd befome real numbers.

E = &xﬁ'&, (é"‘"’ﬁ'x + lqemx)
= ain‘, ([1_ + T) oI 4T (é.r'ﬁ‘.x _ é—.r;ﬁnx))

= axB,, (Te™# + T(2jsin 7))

From (6.61), we can see that, in medium 1 we have a traveling wave
component with amplitude TEj, and a standing wave component with
amplitude 2JEj.

The location of the maximum and the minimum of the electric and
magnetic field components in the medium 1from the interface can be
found as follows.

The electric field in medium 1 can be written as

By = 4y B (14T

If 72 7 Mij.e. 50
The maximum value of the electric field is

B -£,(1+7)

and this occurs when

afiz . = —2n

or , N=0,1,2,3 s (6.64)
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g )|
The minimum value of | is

5| =& (-1)

................. (6.65)
And this occurs when
282y = ~(2n+ )7
Zpp = 27 +1)i
or 4. n=0,1,2,30 oo, (6.66)

For ™ <M je. I<o

1_

The maximum value of | 1||s E"’[ 1—)whlch occurs at the znmin locations and

E
the minimum value of | 1|is B, (1+T)

by the equations (6.64) and (6.66).

which occurs at zmax locations as given

.

From our discussions so far we observe that | L’m can be written as

Bl _ 141
YL T
1B (6.67)

The quantity S is «called as the standing wave ratio.

As V< Irlilthe range of S is given by 1 =& =@

From (6.62), we can write the expression for the magnetic field in medium
1las

—

By =, 2o gm0
o (6.68)
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H E
From (6.68) we find that|wl||ll be maximum at locations wheri 1|is
minimum and vice versa.

In medium 2, the transmitted wave propagates in the + z direction.
Oblique Incidence of EM wave at an interface

So far we have discuss the case of normal incidence where electromagnetic
wave traveling in a lossless medium impinges normally at the interface of a
second medium. In this section we shall consider the case of oblique
incidence. As before, we consider two cases

When the second medium is a perfect conductor.
When the second medium is a perfect dielectric.

A plane incidence is defined as the plane containing the vector indicating
the direction of propagation of the incident wave and normal to the
interface. We study two specific cases when the incident electric field is&:

perpendicular to the plane of incidence (perpendicular polarization) and E;
is parallel to the plane of incidence (parallel polarization). For a general
case, the incident wave may have arbitrary polarization but the same can
be expressed as a linear combination of these two individual cases.

Oblique Incidence at a plane conducting boundary
Perpendicular Polarization

The situation is depicted in figure 6.10.
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4 X

;:;_;Ff P Perlect Conducior
- ".__,.:-l—i—|_._|___,_ﬂ""-
as

HI -Fd_._,.:—'_\—n.._‘_._,.r""'

S
G
G1=0 o0, ==

Figure 6.10: Perpendicular Polarization

As the EM field inside the perfect conductor is zero, the interface reflects
the incident plane wave. #xand @=respectively represent the unit vector in
the direction of propagation of the incident and reflected waves,ﬂis the

angle of incidence and i&the angle of reflection.

We find that

Gni =z GOS8, +axsin &

G = —dz COS a, +aysin a, (6.69)

Since the incident wave is considered to be perpendicular to the plane of
incidence, which for the present case happens to be xz plane, the electric
field has only y-component.

Therefore,

—

Ei(x.z)= &;-.Eic,e_j’ala"' T

_ ay‘&;ﬂé—j,ﬂl[xsmﬂiﬂccs%)

The corresponding magnetic field is given by

J— 1 Fs —
Hi(xz)=—|a, ®Ei(x2)
. ]

— l [_ cos '5'!&:&‘ + Sin g!ax] Ei,é'_vr.ﬁ[xmn%+zcus'%j
"
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Similarly, we can write the reflected waves as

—

Er(xz)= &;;En,e_j’sla_"' g

- —j B[ xsindy— zc0sd,
=y, e I rsincy 7)

Since at the interface z=0, the tangential electric field is zero.

— 7B xans, -JArang, _
Bt + B RO (6.72)

E?’l? = _Eil:?
e e (6.73)

The condition & = aris Snell's law of reflection.

—

B (n2) = iy A

- )& xeing-zcoss; )

O ~
=2 [—.:;:,; cosd, —ﬂxSIHEi]E
)

The total electric field is given by

R (x,2)= Ey (x.2) + B, (x.2)
= —éy 2, sin( fzcos 8 :le_j.’alxsm'%

Similarly, total magnetic field is given by

H (x,2)= —EE—*’ [&x cos & cos( Bz cos Ei:le_j’almn% +as jsin & sin (Bzcosd, jejﬁlxsm&i ]
)

From eqgns (6.76) and (6.77) we observe that
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1. Along z direction i.e. normal to the boundary
y component of Eand x component of Fnaintain standing wave
patterns according to " &:Zand 8 42 where A== Acesd No
average power propagates along z as y component ofZand x
component of #fe out of phase.

2. Along X i.e. parallel to the interface

y component of&nd z component of &re in phase (both time and
space) and propagate with phase velocity

i) &

@
g, Bsing

The wave propagating along the x direction has its amplitude varying with z
and hence constitutes a non uniform plane wave. Further, only electric

field i#1perpendicular to the direction of propagation (i.e. x), the
magnetic field has component along the direction of propagation. Such
waves are called transverse electric or TE waves.

ii. Parallel Polarization:

In this case also #xand @=are given by equations (6.69). Here “iand #»
have only y component.

A X
G Perfect Conductor
- -"‘_...—-—-—-.._,___...-"'-
aF
B, .»—""'___“-—“"f
! — 2
\@( @i
E —
gi=0 ch = @
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Figure 6.11: Parallel Polarization

With reference to fig (6.11), the field components can be written as:

Incident field components:

—

Ei(x,z)=E, [n::-::-s 5!.5,; —sin 5;&3] e_"r.’al(

xsin g +ecosd |
(=i B A

B e, (6.79)

Reflected field components:

— -

-~ —i B xsind, —zcoss,
By(xz)=E, [.:xx cos &, +az sin 5',]2 A rsiny 7)

B (15) 3, B A

ORI (6.80)
Since the total tangential electric field component at the interface is zero.
E [x,U)+E[x,U) =0

Which leads to w#and &= 'gras before.

Substituting these quantities in (6.79) and adding the incident and reflected
electric and magnetic field components the total electric and magnetic
fields can be written as

Ei [x,z) =-2F, &x__f cos & sin [,ﬂfiz cos 5'2) + g sin 8 cos (,Slz cos E?!)] g Axsme;

and  Hi (x,z) = &y 28, cos [ﬁz cos & )E_J.’lesmﬁ"

Once again, we find a standing wave pattern along z for the x and vy

components of £and 7, while a non uniform plane wave propagates along
VP @

v
. rl
sif &

Velx — T
where A Since, for this

x with a phase velocity given by
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propagating wave, magnetic field is in transverse direction, such waves are
called transverse magnetic or TM waves.

Oblique incidence at a plane dielectric interface

We continue our discussion on the behavior of plane waves at an interface;
this time we consider a plane dielectric interface. As earlier, we consider
the two specific cases, namely parallel and perpendicular polarization.

¥
X
Ey Hr - -
By Hi
B
[ S & ~
Bl z
I=ag
s Fi, Hy
Medium 1 Medium 2
G0 =0 | &0, =10

Fig 6.12: Oblique incidence at a plane dielectric interface

For the case of a plane dielectric interface, an incident wave will be
reflected partially and transmitted partially.

In Fig(6.12), 8.6 md8 corresponds respectively to the angle of incidence,
reflection and transmission.

1. Parallel Polarization

As discussed previously, the incident and reflected field components can be
written as

E:’ I:x,z) =i, [cos 5'2-&,; —5in .:E?!.&z] E—J-ﬁl[xsmﬁgﬂcus.ﬁg)

;72 I':x,z:l =& =, E—j,ﬁ[xsim%wcns%j

L (6.82)
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—

- -~ — 7 & xsind,. —z ooad,
Ey I:x,z:l=Em [‘“':05'5',-»"'(155111@]@ i v 3

H I:x,z:] = _ﬂy_ ‘J,Bl[xmnﬂr 20055 |
s (6.83)

In terms of the reflection coefficient T

E (x,2) =TE, [ﬂx cosd, +czxs1n5] Ay reindy-acossy)

Hr [x,z) = _éy Ee‘iﬁ[mmﬂr z00305 |
T (6.84)

The transmitted filed can be written in terms of the transmission coefficient
T

E’( [czx cosd, - g sin & ] i f[xEind +zcos )

i (2) = oy s
T OO P OO UPRTRRUR (6.85)

We can now enforce the continuity of tangential field components at the
boundary i.e. z=0

cos gié.‘.,i"ﬁl’-’ﬁnﬂi +Tros gré.—i,ﬂlxsinﬂr = Tros gﬁ—j,ﬂgxsin&,
lé‘fﬁl’-’ﬁnﬁi - Ee—j,ﬂlxsinﬁr - Ee—j,ﬂgxsmﬂ;
" & B e, (6.86)

and

If both Zrand , are to be continuous at z=0 for all x , then form the phase
matching we have

Geind = Gsnd = G sn g

“We find that
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8-8
and Hsingd = G808, (6.87)

Further, from equations (6.86) and (6.87) we have

cos& +lcosd =T oz,

1 I _ T
and —-—=—
LR (6.88)
cos& (1+1) =Tcos 4,
and L(1-1)= L
G G
~T=21-1)
6!
cosﬂi[l+r)=ﬂ—2[1—r)cosﬂr
!

C(mcos 8 taycos )T =nycos8, —mcos g

_ o8, —mcosé,

or...mEesg rmeosg (6.89)

2k, cosd,

) #ycos 8 +acos & (6.90)

..........................

From equation (6.90) we find that there exists specific angle & =8 for which
I'= 0 such that

M, 088, =mcosh

Ji-sin®g =2 f1-sin? g,
%
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FUMERET, e R e, (6.92)

For non magnetic material #1~#2~ #a
Using this condition

1-sin® § =1 (1-5in’ 5
Eﬂ

and sin® & = —Lsin® &,

e, (6.93)

From equation (6.93), solving for “ % we get

1

sin &, = =
1+ L
2

This angle of incidence for which I'=0is called Brewster angle. Since we

are dealing with parallel polarization we represent this angle by g'f’"so that

sin ), = 1
1+
£3
2. Perpendicular Polarization

For this case

Ei [x Z) _ &y.E- E—j,ﬂl[xsmﬂjﬂcusﬁgj
— O -~ ~J B[ xsingy +zcoss; )
Hi(x,z)="2|-a:cos 8 +assin Ez]e
m Lo, (6.94)
z, (x,2) = ayrgmé‘iﬁ[xsinﬂr—zcnsﬂr:l
E;v [I,Z) _ rE;'a [&x cos '5';-' + &z sinl 5‘?,] E—j',ﬂl[xsinﬂr—zcusﬁr)
b (6.95)
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7 (x.2) = ﬁy?’E&, E-Jﬁ(xsmmac o5t} |

He (x,z)= Y [—&x cosd, + axsin -5‘,] ejﬂg[mmﬁﬁmmﬂj
b (6.96)
Using continuity of field components at z=0
E—j,ﬂlxsinﬁi + rél—j,ﬂlxsinﬂr _ TE&,E—;',ngsin&;
and —lcos Eie_j’almn'% +L cos Ere_j’glmn&’ L cos E,E_j’s:‘xsm&’
g & i T (6.97

As in the previous case
Gsind = Gsnd, = S50 8

8=2

1 *

A

and sin 8, ==an g

Using these conditions we can write

+I'=7
cosd  [cosd Tros 8,
— + = —
" & B, (6.99)

From equation (6.99) the reflection and transmission coefficients for the
perpendicular polarization can be computed as

- mcosd —mcosd,

Hycosd ooz,
2ny cos 8,

gcosé'z. +xs'1|::c::-s-:5':r (6.100)

and =

M

We observe that if I'= 0 for an angle of incidence 6=6

M08 8, =ncos,
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S 2
Jocost 8 = cos &
)

£

Ly

“1-sin? g =29 (1-4in%8,)
HEy

sAn g, = A sin &,

Again

Co 3 A8 . 3
Cosintg, = gint g,

£
- 8] sin? 8, |- Hyfl _ HyE) sin? 8,
ey HiEy  HE
r
sin? M Hif | 1- L5
or | FaEy M5 FEy
(14" - 1) HE, — HE
sin? 1 2 P o G B
or | AR E HE
£, £
sin® § _ M (4 2: 16 )

We observe if # ~#27 #ij.e. in this case of non magnetic material Brewster
angle does not exist as the denominator or equation (6.101) becomes zero.
Thus for perpendicular polarization in dielectric media, there is Brewster
angle so that éan be made equal to zero.

From our previous discussion we observe that for both polarizations
sAn &, = ﬁsiﬂ a

4
If A7 Ha T My

13



. & .
sAn g, = ||—1 sin &,
&
2

For g 2. & 28

The incidence angle & =8 tor which 2i.e. % is called the

critical angle of incidence. If the angle of incidence is larger thaff* total
internal reflection occurs. For such case an evanescent wave exists along
the interface in the x direction (w.r.t. fig (6.12)) that attenuates
exponentially in the normal i.e. z direction. Such waves are tightly bound to
the interface and are called surface waves.
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EE6302: ELECTROMAGNETIC THEORY

(R-2013)
UNIT:I
PART A:
1. How are unit vector defined in cylindrical coordinate systems?

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

State Stoke’s theorem.
Mention the sources of electromagnetic fields.

State the physical significance of curl of a vector field.

Two vectorial quantities 4 = 41+ 3] + 5k and B =1 — 2] + 2k are known to be oriented in
two unique directions. Determine the angular separation between them.

State the conditions for a vector A to be (a) solenoidal (b) irrotational
State divergence theorem.

State the vector form of electric flux density.

Define divergence and its physical meaning.

What are the different coordinate systems.

Mention the criteria for choosing an appropriate coordinate system for solving a field
problem easily. Explain with an example.

When a vector field is solenoidal and irrotational.
Give the practical examples of diverging and curl field.

Obtain the unit vector in the direction from the origin towards the point P(3,-3,-2).

Verify that the vectors 4 = 4a, + 2a, + 2a_ and B = —6a, + 3a, —3a_ are parallel
to each other.

Giventhat A = 5a, and B = 4a, + 6a,. ; find ‘t” such that angle between A and 5 is
45°

Prove that curl grad ¢ =0.

How can a vector field be expressed as the gradient of scalar field?



19. Determine the curl of P = x?yza, + xza..
20. Giventhat 4 = 10a; + 3a_ and B = 5a, + 4a,; find the projection of A and B.
PART B:

1. Write short notes on the following: (a) Gradient (b) Divergence (c)Curl (d) Stoke
theorem.

2. Express the vector B in Cartesian and cylindrical systems. Given,

= 10 | - -
b= Ta,.+r cosd ag+a,

Then find B at (-3, 4, 0) and (5, n/2 , -2)

3. i) Describe the classification of vector fields.
. If B= ya +(x+2)a,
and a point Q is located at (-2, 6,3), express (a) the point Q in cylindrical and spherical
coordinates,(b) B in spherical coordinates.
4. Determine the divergence and curl of the following vector fields:
() P =x2y

P . = J— -
i) Q =psinga,+p-za,+ zcos@a;

o= 1 - - -
(iii) T = = cosfa, +rsinfcosgag + cosf ag
r2

o

i)Given point P(-2,6,3) and A = vi + (x + z)J ,express P and A incylindrical
coordinates.

ii) state and prove divergence theorem.

6. 1) Determine the curl of the following vector fields:
(1) A=yza, + dxya, +ya,
(2 B = pzsinga, +3pz cospa,

i) Given that F = (x% + v2)1 — 2xvJ , evaluate both sides of Stoke’s theorem for a
rectangular path bounded by the lines x= + a, y=0,z =h.



7. 1) Find the electric field at a point P(0,0,6) due to a point charge Q1 of 0.35 uC placedat
(0,5,0) and Q2 of -0.6 uC placed at (5,0,0).

i) obtain in the spherical coordinate system the gradient of the function
flr.8,0) = 25r*sinBcosg + 2cosg + 5rsing

8. 1) State and derive divergence theorem.

ii) show that in catesian coordinates for any vector A, V.(V-A) = 77 (V. A).

9. Explain the different coordinate systems.

10. Write short notes on gradient,divergence, curl and stokes theorem.



NIT:1I

PART A:

1. Define electrical potential

2. Define potential differences.

3. Name few applications of Gauss law in electrostatics.

4. State the properties of electric flux lines.

5. Addielectric slap of flat surface with relative permittivity 4 is disposed with its surface
normal to a uniform field with flux density 1.5¢/m?. The slab is uniformly polarized.
Determine polarization in the slab.

6. A parallel plate capacitor has a charge of 102 ¢ on each plate while the potential
difference between the plates is 1000v. calculate the value of capacitance.

7. Define electric dipole.

8. Define electric dipole moment.

9. Write Poissons equation for a simple medium

10. Write laplace equation for a simple medium.

11. Define dielectric strength.

12. What is meant by dielectric breakdown.

13. A uniform line charge with p; =5 uC/m lies along the x-axis. Find E at (3,2,1) m.

14. State the expression for polarization.

15. What are the boundary conditions between two dielectric media?

16. Write the continuity equation.

17. Define energy density.

18. Write the equation for capacitance of coaxial cable.

19. Write the equation for point from ohm’s law.

20. Distinguish between displacement and conduction currents.



PART B:

1.

10.

Deduce an expression for the capacitance of parallel plate capacitor having two identical
media.

1) state and derive electric boundary condition for a dielectric to dielectric medium and a
conductor to dielectric medium.

ii) Derive the expression for energy density in electrostatic fields.

(i)State and explain coulomb’s law and deduce the vector form of force equation between
two point charges.

(ii) At an interface separating dielectric 1(er1) and dielectric 2(er2) show that the tangential
component of £ is continuous across the boundary, whereas the normal component of E
is discontinuous at the boundary.

(i) A circular disc of radius ‘a’ m is charged uniformly with a charge density of psC/m?.
Find the electric potential at a point P diatant ‘h’ m from the disc surface along itsaxis.

ii) find the value of capacitance of a capacitor consisting of two parallel metal plates of
30cm x 30cm surface area, separately by 5mm in air. What is the total energy stored by
capacitor is charged to a potential difference of 1000v? what is the energy density?

i)A circular disc of radius ‘a’ m is charged uniformly with a charge density
of’ocoulombs/m?. Find the potential at a point ‘h’m from the disc surface along its axis.

if) Determine the electric field density at P(-0.2,0, -2.3) due to a point charge of +5nC at
Q(0.2, 0.1, -2.5) in air. All dimensions are in meter.

Find the potential at any point along the axis of a uniformly charged disc of 6 ¢/m?. The
disc has radius of ‘a’ m

Derive the expression for energy stored and energy density in electrostastic fields.
Derive the boundary conditions at the interface of two dielectrics.

Point charges 1 mC and -2 mC are located at (3,2,-1) and (-1, -1,4) respectively.
Calculate the electric force on a 10nC charge located at (0,3,1) and the electric field
intensity at the point.

A linear ,homogeneous , isotropic dielectric material has £=3.6 and is covering the space

between z=0 and z=1. If v= -6000z volts in the material, find E.P,p;



NIT: 111

PART A:

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Write down the magnetic boundary conditions.
What is Lorentz law of force?

Write the expression for magnetic field H at the centre of a circular coil carrying a current
of I amperes. The radius of the coil isa m

State ohms law for magnetic circuits.

Write the expression for the magnetic force between an electromagnet and an armature to
be attracted.

Find the inductance per unit length of a long solenoid of N turns and having a length L
‘mtrs’. Assume that it carries a current of I amperes.

State Ampere’s circuital law.

State Biot savarts law.

What is the expression for inductance of a toroid?

Define the terms: magnetic moment and magnetic permeability.
State the law of conservation of magnetic flux.

Define magnetostaic energy density.

Draw the BH curve for classifying magnetic materials.

Define vector magnetic potential.

Define self inductance and mutual inductance.

A current of 3A flowing through an inductor of 200mH. What is the energy stored in the
inductor?

Distinguish between diamagnetic, paramagnetic and ferromagnetic materials.
Sketch Gauss law for the magnetic field.
Classify the magnetic material.

State the expression for H due to infinite sheet of current.



21. Write the expression for the torque experienced by a current carrying loop placed inthe

magnetic field.

PART B:

1.

State and explain Ampere’s circuit law and show that the field strength at the end ofa
long solenoid is one half of that at the centre.

a) State and explain Bio-savarts law.

b)Derive an expression for the force between two long straight parallel current carrying
conductors.

Derive a general expression for the magnetic flux density B at any point along the axis of
a long solenoid. Sketch the variation of B from point to point along the axis.

i) For a finite current sheet of uniform current density ‘k” A/m, Derive the expression for
the magnetic field intensity.

ii) A coil has 1000 turns and carries a magnetic flux of 10mwhb. The resistance of the coil
is 4 ohm. If it is connected to a 40v DC supply estimate the energy stored in the magnetic
field when the current has attained its final study value. Derive the formula used.

i) Show by means of Biot Savarts law that the flux density produced by an infinitely long
straight wire carrying a current | at any point distant a normal to the wire is given by
no wl/2ma.

ii)what is the maximum torque on a square loop of 1000turns in a field of uniform flux
density B tesla? The loop has 10cm sides and carries a current of 3A . what is the
magnetic moment of the loop?

i)Derive Biot Savart’s law and ampere law using the concept of magnetic vector
potential.

i) The core of a toroid is of 12 cm? area and is made of material with p=200. If the mean
radius of the toroid is 50cm. Calculate the number of turns needed to obtain an
inductance of 2.5H.

i)Derive the expression for the magnetic field intensity inside and outside a co-axial
conductor of inner radius ‘a’ and outer radius ‘b’ and carrying a current of I ampers in
the inner and outer conductor.

ii) Calculate the self inductance of infinitely long solenoid.

I)Derive the expression for the magnetic vector potential in the cases of an infinitely
long straight conductor in free space.



10.

11.

if) consider the boundary between two media. Show that the angles between the normal to
the boundary and the conductivities on either side of the boundary satisfy the relation.

tand o
tand, o,

Obtain the expression for energy stored in the magnetic field and also derive the
expression for magnetic energy density.

I)Derive the expression for coefficient of coupling in terms of mutual and self inductance of the
coils

if) An iron ring with a cross sectional area of 8cm? and a mean circumference of 120cm iswound
with 480 turns of wire carrying a current of 2 A. the relative permeability of the ring is
1250.Calculte the flux established in the ring.

Derive an expression for the force between two long straight parallel current carrying conductors.

UNIT -1V

PART-A

1.

2.

3.

4.

State the faraday’s law.
State the faraday’s law for the moving charge in a constant magnetic field.
State lenz’s law.

Define displacement current density.

5. What are electric field and the power flow in the co-axial cable?

6.

7.

8.

9.

Define reluctance.
Write the maxwell’s equation from ampere’s law both in integral and point forms.
Write down the maxwell’s equation from electric gauss’s law in integral and point forms.

Write the maxwell’s equation from faraday’s law both in integral and point forms.

10. Write down the maxwell’s equation from magnetic gauss’s law in integral and point form.

11. Write the maxwell’s equations from Gauss’s law in integral form.

12. Write to maxwell’s equations in integral form.

13. Write down the maxwell’s equations from Gauss’s law in point form.



14. Write down the maxwell’s equation in point from.

15. Write down the maxwell’s equation in point phasor forms.

16. Write down the maxwell’s equation for free space in integral form.
17. Explainwhy V.B = 0

18. Explain why VXE=0

19. In material for which ¢ = 5.0 s/m and e~ = 1 and E=250 sin 10%° t (V/m) .Find the
conduction and displacement current densities.

20. Explain why V.D = 0.

PART - B

1. The magnetic field intensity in free space is given as H= Ho sin @&y A/m.Where @=wt - Z
and £ is a constant quantity. Determine the displacement current density.

2. Show that the ratio of the amplitudes of the conduction current density and displacement

current density is o /we , for the applied E= Em coswt. Assume p =Ho, what is the amplitude

t/

ratio, if the applied field isE= Em e .where 7 is real?

3. Derive maxwell’s equation from ampere’s law in integral and point form.
4. Do the fields E= Em sin x. Sint ay and H = (Em/po) cosx cost &zsatisfy maxwell’s equations?

5. State maxwell’s equations and obtain them in differential form. Also derive them
harmonically varying field.

6. State maxwell’s equation and obtain them in integral and differential form.
7. Derive the maxwell’s equation in phasor integral form.

8. Derive the maxwell’s equation in phasor differential form.

9. If electric field intensity in free space is given by E= (50/p) COS (108 t- 10 z )ap V/m . Find
the magnetic field intensity & .

10. State and derive the maxwell’s equations for free space in integral form and point form for
time varying field.



UNIT -V
PART —A
1. Define a wave.
2. What are wave equations for free space?
3. What is a uniform plane wave?

4. What is the relationship between E and H or brief about intrinsic impedance for a dielectric
medium?

5. What are Helmholtz equations or represent equation of electromagnetic wave in the phasor
form?

6. What are the wave equations for a conducting medium?

7. What is phase velocity?

8. What are the values of a, § and y in terms of primary constants of the medium?
9. Write down the secondary contants of a good conductor.

10. Write down the values of & , f ,¥ velocity and intrinsic impedance for free space.
11. What is skin effect?

12. Define skin depth or depth of penetration of a conductor.

13. Determine the skin depth of copper at 60 Hz with & = 5.8 X 10" s/m. Given u =1

14. What is polarization?

15. Define linear, elliptical and circular polarization?
16. Define snell’s law of refraction.

17. Define critical angle.

18. Define Brewster angle.

19. What are the standing waves?

20. How a dielectric medium can be identified as lossless and lossy for a given frequency?



PART —B

1. Derive general wave equations in phasor form and also derive for a , 5,y and n .
2. Derive wave equations for a conducting medium.

3. State pointing theorem and derive an expression for pointing theorem.

4. Explain the wave propagation in good dielectrics with necessary equations.

5. Derive the expression for total magnetic field when a vertically polarized wave is incident
obliquely on a perfect conductor.

6. Determine the reflection coefficient of oblique incidence in perfect dielectric for parallel
polarization.

7. Determine the reflection coefficient of oblique incidence in perfect dielectric for perpendicular
polarization.

8. Define polarization. What are the different types of wave polarization? Explain them with
mathematical expression.

9. Obtain the expression for the reflection coefficient and transmission coefficient for a wave
normally incident on the surface of a dielectric.

10. A uniform plane wave in a medium having ¢ = 103 s/m, £ = 80 g,and u = p, is having a
frequency of 10 KHz.

i) Verify whether the medium is good conductor
ii) Calculate the following,

1) Attenuation constant

2) Phase constant

3) Propagation constant
4) Intrinsic impedance

5) Wave length

6) Velocity of propagation



GLOSSARY

Electromagnetic Theory

Summary:

» Maxwell’s equations

« EM Potentials

 Equations of motion of particles in electromagnetic fields

 Green’s functions

* Lienard-Weichert potentials

« Spectral distribution of electromagnetic energy from an arbitrarily moving charge
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1 Maxwell’s equations

OB
curl E= —
ot
1 oE
curlB — HOJ+—_
c2ot
. _ P
divE — ~~
€0
divB = 0

€= 8.854x10 ** Farads/metre

EoMo = 2

Conservation of charge
op

ot

Faraday’s law

Ampere’s law

Field diverges from
electric charges

No magnetic
monopoles

L= 4mx 10~" Henrys/metre

¢ =2.998x10° m/s ~ 300, 000 km/s

+divd=0

Electromagnetic Theory
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Conservation of energy

2 (FeoEd +H8) + div(B¥ By = (3. E)

ot 2 21
Electromagnetic Poynting - Work done on
energy density flux particles by EM field
Poynting Flux
This is defined by
oo ExB o _ FuFiBy
Ho | Ho

Electromagnetic Theory
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Conservation of momentum

Momentum Maxwell’s
density$ stress tensor
Of ¥\ omyf

gt -~ =~ PEi—(JIxB)
OX]J Rate of change of
momentum due to EM

field acting on matter
Electriclpart Magnetic part
BB 2
2 Lo 2Hp )

= —Flux of i cpt. of EM momentum in j direction

2 Equations of motion

Charges move under the influence of an electromagnetic field according to the (relativistically correct)

equation:

dp ) (E+pr\
dt—q(E+v><B)— q\

ym /

Electromagnetic Theory 4 /56



Momentum and energy of the particle are given by:

0= ymv , ( VZ\_UZ
A —
ey

E = ymc? E2 = p2c?+m2c?

3 Electromagnetic potentials

Derivation

divB =0=>B= curl A

curIEz—aB:curl(E+aA\ =
ot L &t/
OA
—E+_ = _grad
pr grad¢
OA
:>E:_grad(|)__
ot

Electromagnetic Theory 5/56



Summary:

_ OA
=—grad—"_ B =curl A
ot
Potential
equations
Equation for the vector potential A
Substitute into Ampere’s law:
; 10 O0A
curl curlA = o+ — —[— rad ——J
0 c2ot grade ot

{MZA VZA} + Lggradcb + grad divA = pgJ
c? ot? c20t
Equation for the scalar potential ¢
Exercise:
Show that
0A

v2p +div— = £
ot 80
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Gauge transformations
The vector and scalar potentials are not unique. One can see that the same equations are satisfied if one
adds certain related terms to ¢ and A, specifically, the gauge transformations

A" = A—grady ¢ = ¢+@V

leaves the relationship between E and B and the potentials intact. We therefore have some freedom to
specify the potentials. There are a number of gauges which are employed in electromagnetic theory.

Coulomb gauge

divA=0
Lorentz gauge
106
—— +divA=0
c2ot
10
= =" _V2A= J
c2 ot? Fo

Electromagnetic Theory 7 156



Temporal gauge

¢ =0
—%diva = -2
ot £q

1094

——— +curlcurlA =p,J
c20t? 0

The temporal gauge is the one most used when Fourier transforming the electromagnetic equations. For
other applications, the Lorentz gauge is often used.

4 Electromagnetic waves

For waves in free space, we take
E =Epexp[i( k- X—ot)]
B =Bjexp[i( k- x—wt)]

Electromagnetic Theory 8 /56



and substitute into the free-space form of Maxwell’s equations, viz.,

This gives:

1-E
Curlg = —@3 curlB = —a_
ot c20t
divE=0 divB=0
: i Kk x E,
0 0 0~ o
] 1 0
ik x By = —-(;-Z--ICOEO = Kk x BO __“(;é EO

ik -E;=0=k-Ey= 0
ik -By=0=k-By = 0

We take the cross-product with k of the equation for By :

kaO: k x[=

(kxE) (k-EO)k—kZEO_ ]

® ® 2

Electromagnetic Theory

9/56



and since Kk - E0=O
0)2 2 _ _
(Ez——k)Eo—():}(D —iCk

the well-known dispersion equation for electromagnetic waves in free space. The - sign relates to waves
travelling in the opposite direction, i.e.

E =Eyexp[i( K- X+ ot)]

We restrict ourselves here to the positive sign. The magnetic field is given by

B, = k x Ej _ _:_I-\(_leEO)\ _ KX E,q
® c k
The Poynting flux is given by
E«B
s = —=
Ho
and we now take the real components of E and B :
Kx E
E=Eycos(k- X—ot) B=——-=0s(k- x—ot)

C
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where Eg IS now real, then

E x(kxE
S =0T 0 cos? (k- X — wt)
HoC

= cgg( EZk — (k - Ep)Eg)cos?(k - X — ot)

= cggESKkcos?(k - X — ot)

The average of cos?(k - X — ot) over a period (T =2n/w)is 1/2 so that the time-averaged value of

the Poynting flux is given by: )
€0
() = "E*

2 0
5 Equations of motion of particles in a uniform magnetic field

An important special case of particle motion in electromagnetic fields occurs for E=0 and
B = constant. This is the basic configuration for the calculation of cyclotron and synchrotron emission.

In this case the motion of a relativistic particle is given by:
— =q(xB) = *-(pxB)
g _avxB) v

Electromagnetic Theory 11 /56



Conservation of energy
There are a number of constants of the motion. First, the energy:

and since
E2= p2c2 + m2ct
then

dE , dp 2 dp)

E—=c =C - — =0 here.
dt SRRy ore

There for E = ymc? is conserved and vy is constant - our first constant of motion.

Parallel component of momentum

The component of momentum along the direction of B is also conserved:

d B d B_ B
ym B

= Py = My, Is conserved

Electromagnetic Theory
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where of Is the component of momentum parallel to the magnetic field.
We write the total magnitude of the velocity
v=_cp
and since vy is constant, so is v and we put
V= Vcosa

where o is the pitch angle of the motion, which we ultimately show is a helix.
Perpendicular components

Take the z —axis along the direction of the field, then the equations of motion are:

dp q €1 € &3
dt . ym| Px Py Py
00 B

Electromagnetic Theory
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In component form:

d P g

X _ 1 - O

dt  ym PyB = n%2e By

d Py g

dt "'&r'ﬁ PyB =-MQp py

o, =98

B = - = Gyrofrequency

Y

n= Lai = Sign of charge

A quick way of solving these equations is to take the second plus i times the first:
d
ai{px + lpy) =—inQp( py +ipy)

This has the solution

Py +1py = A exp(ipg)exp[—inQgt |
= Py, = Acos(mQgt +dp) py= —Asin(nQgt + ¢)

The parameter ¢ is an arbitrary phase.
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Positively charged particles:
P, = ACO0S(Qpt +0() py = —Asin(Qgt + ¢g)
Negatively charged particles (in particular, electrons):
P, = Acos(Qpt +¢,) Py = A sin(Qgt +¢g)
We have another constant of the motion:
p)% +py = A2 = p2sino = pi

where p, is the component of momentum perpendicular to the magnetic field.

Velocity

The velocity components are given by:
V, 1 | Px sinacos(Qpt + ¢) |
vy| = y; py| =B | —msinasin(Qgt + ¢)
V7 P, i cosa |
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Position
Integrate the above velocity components:

[ cBsina i
- - Sin(Qgt + ) v |
X QB B 0 )(O
= |._cBsin +
Y Tr—BQ—acos(QBt +og)| |70
LZ] B | Zg]
cptcosa

This represents motion in a helix with

cpsin
Gyroradius = rg = —‘B—é——oi
B

The motion is clockwise for ny > 0 and anticlockwise for n <0 .
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re sin(Qgt )

Ay

e cos(Qst) Ot
B n>0

-

In vector form, we write:

X

n<0

—I'c c0oS(Q2t)

Qg

re sin(Qgt)

X =g + I | sin(Qpt + dg) MCOS(Qpt + ) 0 ]

+ CPt cosa [0 0 1]

The parameter X, represents the location of the guiding centre of the motion.
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6 Green’s functions

Green’s functions are widely used in electromagnetic and other field theories. Qualitatively, the idea be-
hind Green’s functions is that they provide the solution for a given differential equation corresponding
to a point source. A solution corresponding to a given source distribution is then constructed by adding
up a number of point sources, i.e. by integration of the point source response over the entire distribution.

Green’s function for Poisson’s equation

A good example of the use of Green’s functions comes from Poisson’s equation, which appears in elec-
trostatics and gravitational potential theory. For electrostatics:

P (X)

)

Vap(x) =

where p,, is the electric charge density.
In gravitational potential theory:
V2¢( x) =4nGp,(X)

where p.(X) Is the mass density.
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The Green’s function for the electrostatic case is prescribed by:
VZG(Xa X,) _ 8( X— X,)

€0

where 5( x— X’) is the three dimensional delta function. When there are no boundaries, this equation has
the solution

G(X, X) '_IG( X— X")
G(x)t”

4n80r

The general solution of the electrostatic Poisson equation is then

o(X) G(x—X")pe(X)d3X’

space

1 J' pe(x’) By’

4meg space X = X|
For completeness, the solution of the potential for a gravitating mass distribution is:

d(X) = -G _[ p—|=1=1—(X')d3x’
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Green'’s function for the wave equation

In the Lorentz gauge the equation for the vector potential is:

and the equation for the electrostatic (scalar) potential is

L P4t %) - v2p(t, ) = -

Cza_tz_ 80
These equations are both examples of the wave equation
1 92 5 _
_—\V(ta X) -V W(ta X) - S(t9 X)
c2ot?

When time is involved a “point source” consists of a source which is concentrated at a point for an instant
of time, i.e.

S(x,t)= A8(t —1")83(x — x)

where A is the strength of the source, corresponds to a source at the point x = X’ which is switched on
att =t'.
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In the case of no boundaries, the Green’s function for the wave equation satisfies:

)

2
( 1 a VZ ( ’, I) 8( 1)83( r)
L—E—Z— JGt—t X—X = t—t X — X
ccot
The relevant solution (the retarded Green’s function) is:
1 N
G(t, x") = t———)
4mr C

so that

Gt—t, x—X) = —— é{t—t' ___>S:_>_<_|)

4rt|x — X'| C

The significance of the delta function in this expression is that a point source at (t’, x’) will only con-
tribute to the field at the point (t, x) when

o op e XX
C
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X — Xr
I.e. at a later time corresponding to the finite travel time L—E—l- of a pulse from the point x’ . Equiva-

lently, a disturbance which arrives at the point t, x had to have been emitted at a time

t :’[_.J.i_—_).(_|
C

!

X — X
The time [ — ]TL IS known as the retarded time.

The general solution of the wave equation is
w(t, X) =joo dt’ j G(t—t, x— x)S(t’, x")d3x’

1 ]o e S(U, x') (., X=X,
= — dt, J. it_| |)d3k’
C

At —0 X —X'|
space
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The vector and scalar potential

Using the above Green’s function, the vector and scalar potential for an arbitrary charge and current dis-
tribution are:

Atx) = 297 dt| o)X O g3y

At —o0 space |‘J(—x”
ot —t' — (x=X'|/C)pa(t', X
ot x) = 2" grf  2EEEXEXTZORD x)

dmey —oo space |7k - X'

d3x’

7 Radiation from a moving charge — the Lienard-Weichert potentials

Deduction from the potential of an arbitrary charge distribution
The current and charge distributions for a moving charge are:

p(t,x) = g&3(x —X(1))
J(t, X) = qud3(x — X(1))

where v is the velocity of the charge, g ,and X(t) is the position of the charge at time t.The charge g
IS the relevant parameter in front of the delta function since

[ ot xd3x = g | 53(x — X(t))d3x = g

space space
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Also, the velocity of the charge
vty < XM
dt
so that

p(t,X) = g83(x - X(1))
I, %) = gX(1)8>(x - X(1))

With the current and charge expressed in terms of spatial delta functions it is best to do the space inte-
gration first.

We have
f S(t—t — |x—x’|/@%)pe(t’, X) 3. _ f S(t—t' — X - X' /0)83(x X(t")) 135
space x-x space H( X”
( X_XGQ
ot c )
X — X (1)
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One important consequence of the motion of the charge is that the delta function resulting from the space
integration is now a more complicated function of t’ , because it depends directlyupon t' and indirectly
though the dependence on X(t"). The delta-function will now only contribute to the time integral when
X— Xt
tr — t_ J_ﬁ_)_l.
C

The retarded time is now an implicit function of (t, x), through X(t"). However, the interpretation of t'
is still the same, it represents the time at which a pulse leaves the source point, X(t") to arrive at thefield
point (t, X).

We can now complete the solution for ¢(t, X) by performing the integration over time:

aef v - X=X
d

C

1
(I)(ts X) - JPO
Angy X — X (1)

This equation is not as easy to integrate as might appear because of the complicated dependence of the
delta-function on t’.
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Aside on the properties of the delta function
The following lemma is required.

We define the delta-function by

" fose-adi= f(@

Some care is required in calculating j f(t)o(g(t)—a)dt.

Consider
I”, toaem -at =7 50 -

=[* -5 - a)dg
o g(t)

_ oty
d(g(a))

where g1(a) is the value of t satisfying g(t) = a.
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Derivation of the Lienard-Wierchert potentials

In the above integral we have the delta function 8(t —t' — |[x — X(t")|/c) =o(t' + |[x—X(t")|/c—1)so
that

g(t') =t'+ |[x-X(t")|/c—t
Differentiating this with respect to t’:

dg(ty g(t) = 1+8_ X = Xt

dt’ ot’ C
To do the partial derivative on the right, express |x — X (t')|2 in tensor notation:

X — X (1) 2= XiX; — 2X%; X;(t") + X (1) X;(t")

Now,
215 X ()2 =2k X (1) | XXX |
ot’ ot
Differentiating the tensor expression for |x — X (t')|2 gives:
0 N2 — : . .
RO 2000+ 2XG0X(1) = 2K (%~ ()
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Hence,

0 , :
20x - X () X 5ﬁ—x<t> | = —2Xi(t)(x; - X;(1))
S0 Xty = JWGXW) Xty (x- Xty
ot’ X — X (1) X — X (1)

The derivative of g(t') is therefore:

. OY=X(M) | _ g Xty (X=Xt
t") = = 1]1-—
9= 1+ XX ()

X=X(U), —CX(t’) (x—=X(t"))/c
X — X (1)
Hence the quantity 1/(g’(t")) which appears in the value of the integral is
1 - X—X{n|
9 (M) |x—X(t) - X(t')- (x=X(t"))/c
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Thus, our integral for the scalar potential:

(f ¢ I X=X(t)
qo't —t' | )
b(t, X) = — [t \ ¢

4ney —oo X — X (1)
_ g X=X
X(ty (X=Xtry) X=X (t)
C

47'580 ,
X = X(t)| -
__q 1

4 Xty (x=X¢
ey (try] — =) (C )

where, it needs to be understood that the value of t’' involved in this solution satisfies, the equation for
retarded time:

X—Xt
t = t—
C
We also often use this equation in the form:
v+ m =t
C
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Nomenclature and
symbols

We define the retarded position vector:
P = X=X (1)

and the retarded distance
r' = |[x—-X ().

The unit vector in the direction of the retarded position vector is:

n'(t’y '
rl
The relativistic B of the particle is
N X(t
Bty = X

C
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Scalar potential
In terms of these quantities, therefore, the scalar potential is:

ot x) = -
4%80|X_X(t,)|_X(t')-(t—xé'))
q 1
T dmeg v — Bt 1
(_a i

Angyr’ }[1 —B(t") -n’]

This potential shows a Coulomb-like factor times a factor (1 —B(t') - n’y1 which becomes extremely
important in the case of relativistic motion.
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Vector potential

The evaluation of the integral for the vector potential proceeds in an analogous way. The major differ-

ence is the velocity X(t") in the numerator.

Act, x) = 2o X(t)
ik Xty (X=X¢t
XX (1)~ ()(C !
_ Hod X(t')
CA4nr'[1-B(t) -n']
Hence we can write
q X(t) 1 q X(t)

AL H08 " dnsgr (LBt - M) c2dmeqr[1 - B -0

= c 1Bt x)

This is useful when for expressing the magnetic field in terms of the electric field.
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Determination of the electromagnetic field from the Lienard-Wierchert potentials
To determine the electric and magnetic fields we need to determine

O0A

ot

E = —gradd —

B = curl A

The potentials depend directly upon x and indirectly upon X, t through the dependence upon t’. Hence
we need to work out the derivatives of t' with respect to both t and x .

ot’

Expression for —
P ot

Since,

X—X{
tl+| <t )|—t
C
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tr
We can determine %—t— by differentiation of this implicit equation.

Solving for ot’ /¢t -

ot 10 L
5{+Emﬂx_xa)0'_l
ot (X=X() [ X@Anar_,
ot |x— X(t)| c ot

[1 X)) (%= X(t’))ft’z .
clx—X ()| Jeét

ot X=X,

A |x— X()] - (X(t)/C) - (X - X(¥))
r’

o X(t) - r'/c
4 1

ot 1-PB()-n’
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tr
Expression for L Vt'

OX;

Again differentiate the implicit function for t’:
ot’ +(xi— Xit))  (xj=X;(t)Xj(t")/c y ot _ 0

OX;  CIx—X (1| |X — X(1")] OX;
_@_t_,_l_Bi(Xi_Xi(t,)) + Xi_xi -0
axi[ X — X (t")| } clx — X (1)
ot X —X(U), = P(t') - (x— X(1)) Xi =X
— | =
axi[ X — X (1) J dx— X ()
o _ —(x;—X;(t)/¢c
oX; X=Xt =B(t) - (Xx=X(1))
. ot _ X _ ¢ ny
i.e. — = : =
OXi rr—Xt)-r/c  1-BE)-n’
;= cin’
o VU T T
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The potentials include explicit dependencies upon the spatial coordinates of the field point and implicit
dependencies on (t, xX) via the dependence on t’

The derivatives of the potentials can be determined from:

N 20| sae| &
8Xit 5X| t _8’[’ Xiaxi
oAl - A
ot |x; ot ot
Ry = A, Aot
OX |, 8xjt, ot’ Ox
oA = . OA ot' 9Py
PR T AR T i T
In dyadic form:
o oA oA ot
Vo, =V |, +__| VI’ — = —| =
|t t ot’ | x ot |x ot’ Xat
curl A, =curl A} +V @A
ot' | x
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Electric field

The calculation of the electric field goes as follows. Some qualifiers on the partial derivatives are omitted

since they should be fairly obvious

OA 0f olcIB(t) ]/ ot
= ~Vo-or =~ V| p V' - —r——( gt
= _V¢|t’ _ @[th + EQI,_} _ (-I)-B(t’)---@!-
ot’ cot] c¢ ot
The terms
v +[3_(_3t_’ _ 1("-P) ot _ 1
Cc ot cl-p-n oo (@A-B-n")

Other useful formulae to derive beforehand are:

or _ 1 N _ 1a
— =_¢ — =-_c ‘N
ot P ot P
In differentiati  itis bestt it in the f
iTrerentiatin IT IS DEeSt 10 eXpress It In the Torm .
" 1B P (' _B-r
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With a little bit of algebra, it can be shown that
q n'—p , qc [p-n'—p2+cirp-n]
V¢|t! - _ﬂ)

4rggr'? (1-B - n')? Arggr'? (1—P - n)?

QD

Combining all terms:
g [(n"=B)A-p2+cirp-n)—cirp(l-p-n)]
dregr'? (1-B-n")3

E =

The immediate point to note here is that many of the terms in this expression decrease as r'~2. However,
the terms proportional to the acceleration only decrease as r'~1 . These are the radiation terms:

g [(n"=B)B-n"—B(L-B-n)]
47tC80r 1-B- n’)3

Erad =
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Magnetic field

We can evaluate the magnetic field without going through more tedious algebra. The magnetic field is

given by:

where

Now the first term is given by:

OA
B=curl A= 4+ V' x —
cu curl A}, + Vt' x e
=curl (ct¢p)ly + Vit x%ﬁ
— -1 ’ '
vVt = _.C_.n__ — _C_]_ n' x Qt____
1-B-n’ ot

curl (c1¢B) = c v |, x B

and we know from calculating the electric field that

g n"—f

Vlly = =c(n"=P)

4rggr'? (1 —B-n')?
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Therefore,

clVh[xB =clgn —P)xp =c g’ -P)yx(B-n+n)= clgn -p)xn’

= C_1V(I)|t, x n'

Hence, we can write the magnetic field as:

B = C_1V¢|t, xn'—cn' x A _ ¢ in’ x [— V(I)|t,—%

ot' ot ot
Compare the term in brackets with
E= vl + 20| vr 22
ot' | x ot
Since Vt' «c n’ ,then
B=cn' xE)

This equation holds for both radiative and non-radiative terms.
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Poynting flux

The Poynting flux is given by:
ExB Ex(n' xE)J,
S = -mmmeee- = =cgylE n' —(E-n)E]
Ko Clyg

We restrict attention to the radiative terms in which E,4oc r'—!

For the radiative terms,
q_ [A-B-n)(n-B)-n"-BA-B-n)] |
AncCegr (1-B-n)3

so that the Poynting flux,
S = cgyEn’

This can be understood in terms of equal amounts of electric and magnetic energy density ((gy/ 2)E2)

moving at the speed of light in the directionof n’. This is a very important expression when it comes to
calculating the spectrum of radiation emitted by an accelerating charge.
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8 Radiation from relativistically moving charges

Trajectory of
particle

2/y

~ " lllustration of the beaming of radi-
- ation from a relativistically moving
particle.

Note the factor (1 —p - n’)=3 in the expression
for the electric field. When 1-B'-n"=0 the
contribution to the electric field is large; this oc-
curs when B’ -n' =1, i.e. when the angle be-
tween the velocity and the unit vector from the
retarded point to the field point is approximately
Zero.

We can quantify this as follows: Let 6 be the angle between B(t") and n’ ,then

1Ly 1)
1-B'-n =1— pjcosB~1—{1——)1—-0
br-n U
(1 69
= 1—&1— -------------- )
2y2 2
1 62 > 2
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So you can see that the minimum value of 1 — B’ - n’ is 1/(2y 2) and that the value of this quantity only
remains near this for 6 ~ 1/vy. This means that the radiation from a moving charge is beamed into a nar-
row cone of angular extent 1/vy. This is particularly important in the case of synchrotron radiation for

which y ~ 104 (and higher) is often the case.

9 The spectrum of a moving charge

Fourier representation of the field

Consider the transverse electric field, E(t), resulting from a moving charge, at a point in space and rep-
resent it in the form;

E(t)= Eq(t)e, + E (t)e,

where e, and e, are appropriate axes in the plane of the wave. (Note that in general we are not dealing
with a monochromatic wave, here.)

The Fourier transforms of the electric components are:

o0 . 1 o0 .
E(0) = [ e E,dt  Eut)= —f e “Eyo)do

—00 2712 —00
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The condition that E (t) be real is that
E, (o) = E ()

Note: We do not use a different symbol for the Fourier transform, e.g. Ea(co) . The transformed variable
is indicated by its argument.

Spectral power in a pulse
Outline of the following calculation

« Consider a pulse of radiation

AEq(t) Diagrammatic representation ofa | * Calculate total energy per unit area in the radia-
pulse of radiation with a duration | tion.
At « Use Fourier transform theory to calculate the
~— - - spectral distribution of energy.

« Show this can be used to calculate the spectral
power of the radiation.

The energy per unit time per unit area of a pulse of radiation is given by:
dw 2 2 2

M: Poynting Flux = (cep)E (t)= (cep)[Eq(t) +E, (1)]
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where E; and E, are the components of the electric field wrt (so far arbitrary) unit vectors e; and e,
in the plane of the wave.

The total energy per unit area in the a—component of the pulse is

dWOLOL = ( ol ) * 2
A o LOO E 2 (D)dt

From Parseval’s theorem,

2 _ 1~ 2
waa(t)dt = EJ'_OO‘EOL(@)‘ do

The integral from —oo t0 oo can be converted into an integral from 0 to oo using the reality condition. For
the negative frequency components, we have

E,(-0)xEL(-0)= E_(0)xE (0) = [Ey(0)F
so that

[* E2(t)dt= lj“‘Ea(m)‘Zdw
—o0 TO
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The total energy per unit area in the pulse, associated with the oo component, is

dWaa © _, ~ CiQ o0 5
" :CSOJ_OO B (dt = — jo E, (o) |*do

(The reason for the oo subscript is evident below.)

[Note that there is a difference here from the Poynting flux for a pure monochromatic plane wave in
which we pick up a factor of 1/2. That factor results from the time integration of cos?wt which comes

from, in effect, j;o \ E (o) ‘zdoo. This factor, of course, is not evaluated here since the pulse has an arbi-

trary spectrum.]

We identify the spectral components of the contributors to the Poynting flux by:
Tﬂg&— €0

dods 7 Fa(@f

dw

ac

dodA
I.e. we have accomplished our aim and determined the spectrum of the pulse.

The quantity represents the energy per unit area per unit circular frequency in the entire pulse,
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We can use this expression to evaluate the power associated with the pulse. Suppose the pulse repeats
with period T, then we define the power associated with component o by:

dw 1 dwW Ceg

oo _ T _ e 2
JAdodt . TdAde ~ T |Ea(®@)]

This is equivalent to integrating the pulse over, say several periods and then dividing by the length of
time involved.

Emissivity
=r2 Variables used to define the emis- i
gA = o sivity in terms of emitted power. | COnsider the surface dA to be located a
r long distance from the distance over
a0 which the particle moves when emitting
S Region in which particle moves the pulse of radiation. Then dA = r2dQ
during pulse
and
dw
dWaa _i ococ:> dWococ:r zdwococ

dAdwodt r2dQdedt dQdedt dAdwdt
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The quantity

2 2
dw ., Cegr 5 caor

dQdodt T [Eq(@) [ =mmmer E (0)E, (oo) (Summation not implied)
@

is the emissivity corresponding to the e, component of the pulse.

Relationship to the Stokes parameters
We generalise our earlier definition of the Stokes parameters for a plane wave to the following:

| o= E(O); (0) + Ef©)E, (o)
CSO

Qq = By, (0) - Ep(@)E;(e)]
CSO

U = 1B (@)E(0) + Eq(0)Ey()]
1C80

Vv, = ;ﬁ----[’le (@)Ex(®) — Ey(0)E, (0)]

The definition of I  is equivalent to the definition of specific intensity in the Radiation Field chapter.

Also note the appearance of circular frequency resulting from the use of the Fourier transform.
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We define a polarisation tensor by:

1[Im+Qm Uwivw] ceg

| o = = E_(®)Eq (0)
o2y +ivy 1,-Q, | w1 4P

We have calculated above the emissivities,
dw C80r2

de(Z:tz T Ea(w)E;(co) (Summation not implied)

corresponding to E_E ; . More generally, wedefine:

dWaB _ Ce,

dQdwmdt Tl

and these are the emissivities related to the components of the polarisation tensor 'aB :

rzEa(w)EE(oa)
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In general, therefore, we have

dW
——LL— 5 Emissivity for -1-(| +Q
dQdwdt 2" @

dw
——22_ 5 Emissivity for —1-(I
dQdwdt 2
dw
—12 5 Emissivity for
dQdwdt 2
__9___2__: aw 12
dQdwmdt dQdwmdt

I
=

— Emissivity for -l-(U +1iV
2 @

Consistent with what we have derived above, the total emissivity is
80) = +
dQdwdt dQdodt

and the emissivity into the Stokes Q is

88 = dWll — dW22

dQdodt dQdwdt
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Also, for Stokes U and V :

dW dW ;
(U = 2 . 12
dQdedt  dQdodt
dW dW,”
eV = (T2 1_2—)

dQdwdt dQdwdt

Note the factor of r2 in the expression for dW ch/ dQdwdt. In the expression for the E —vector of the
radiation field

o4 [(M-B)n-P)-BA-p-n)]
AnCegr 1-B- n')3

E o« 1/r . HencerE and consequently rZEa EE are independent of r, consistent with the aboveexpres-
sions for emissivity.

The emissivity is determined by the solution for the electric field.
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10 Fourier transform of the Lienard-Wierchert radiation field

The emissivities for the Stokes parameters obviously depend upon the Fourier transform of
g n'x[(n'=p)xp’]

dncey  (1-P' - n’)3

re(t) =

where the prime means evaluation at the retarded time t' given by

t’=t—% =[x — X (1)

The Fourier transform involves an integration wrt t. We transform this to an integral over t' as follows:
N g= 1 =
dt = £—dr= = (1-p -n)Hdt
ot’ ot' /ot (=p"-m)
using the results we derived earlier for differentiation of the retarded time. Hence,
g EPH’X[(W—B')XB'] ot
4fice o  (1-B'-n")3

O x (=B x BT ot
SPRL e dt'

J
4lcey o (1—PB'-n')?

rE(m) =

(1—p - n)dt
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The next part is
. (M
ot — o'\t + _
€ exp[ \ C)J
Since
r' = |x—X(t")|~x when x»X(t")

then we expand r’ to first order in X . Thus,
8[" —( Xi_ Xl(t,))DXI

r = \xj—xj(t’)‘ o, = . = Tatxi =0
or' X;

r=r+— x Xi(t") = r—r—,xi(t’) =r-nX;= r—n-X(t")
oX, X;=0

;
Note that it is the unit vector n = - Which enters here, rather than the retarded unit vector n’
r

Hence,

(. N X)) [ n-X() ior
exp(iot ) = exp[ 'mkt * ¢ )} == exp [i(o\t’ m o) X exp T
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r

[
The factor exp [%J is common to all Fourier transforms rE_(w) and when one multiplies by the com-

plex conjugate it gives unity. This also shows why we expand the argument of the exponential to first
order in X(t") since the leading term is eventually unimportant.

The remaining term to receive attention in the Fourier Transform is

N ("= B1) x B]
(1-p - n)

We first show that we can replace n" by n by also expanding in powers of X.(t").

/

= —+

L -X ()

Xi— Xi(t) i {a Xj = Xi

X X
dx . — X .(t' J
OXj|x; XJH)}Xj:O
X —X)(x.— X,
— 8ij +( ' ) ] 3})} ><Xj
‘xj—Xj(t') Xj=0

—9J.. + & L
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So the difference betweenn and n’ is of order X/r, i.e. of order the ratio the dimensions of the distance
the particle moves when emitting a pulse to the distance to the source. This time however, the leading

term does not cancel out and we can safely neglect the terms of order X/r . Hence we put,
M (M =By xpT O x[(M—p") xp]
(1-p ) (1-p'-n)

It is straightforward (exercise) to show that

d nx(nxp) _ nx[(n-p’)xp']

d" 1-p'-n’ (1- P - n)2
Hence,
I'E((x)) — Le i(DI’/CJ‘OO dn x (n X B ) exp |:I(D(tr . p___?g_(_t)) dt’
4nce —odt" 1-B’-n C

One can integrate this by parts. First note that

Nx Mxp
1-B'-n

o0

=0

—Q0
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since we are dealing with a pulse. Second, note that,

Ao (o mXON (XA
e p[l(})\t ———————C—————)J = exp [Iwkt ——----E---)J x lo[1-p"-n]

and that the factor of [1 — ' - n'] cancels the remaining one in the denominator. Hence,
—l®q ior/cw ([ n-X())
e j_oo n x (nx B")exp [I(D\t — ==e- - =) dt

"Elo) = dnce
0

In order to calculate the Stokes parameters, one selects a coordinate system (e, and e, ) in which thisis

as straightforward as possible. The motion of the charge enters through the terms involving B(t") and
X(t") in the integrand.

Remark

The feature associated with radiation from a relativistic particle, namely that the radiation is very strong-
ly peaked in the direction of motion, shows up in the previous form of this integral via the factor

(1—p - n")=3. This dependence is not evident here. However, when we proceed to evaluate the integral
in specific cases, this dependence resurfaces.
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	• Maxwell’s equations
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	Farads/metre
	Henrys/metre
	-----
	m/s  300 000 km/s

	Conservation of energy
	 --0
	+ div

	Poynting Flux
	This is defined by
	---------------------

	Conservation of momentum
	t
	+  -----------  – ij
	= –Flux of i cpt. of EM momentum in j direction
	-----
	dt

	Momentum and energy of the particle are given by:
	1 – -----

	3 Electromagnetic potentials
	Derivation
	curl A
	–grad
	– grad – A

	Summary:
	E = – grad – A

	Equation for the vector potential A
	Substitute into Ampere’s law:
	– grad – t
	-----
	+ -----

	Equation for the scalar potential
	Exercise: Show that
	
	–----

	Gauge transformations
	The vector and scalar potentials are not unique. One can see that the same equations are satisfied if one
	A , specifically, the gauge transformations
	 =
	leaves the relationship between E
	and the potentials intact. We therefore have some freedom to
	1 
	 -----

	Temporal gauge
	1  A
	= 0
	-----
	+ curl curl A
	The temporal gauge is the one most used when Fourier transforming the electromagnetic equations. For other applications, the Lorentz gauge is often used.
	and substitute into the free-space form of Maxwell’s equations, viz.,
	----- (1)
	This gives:
	1
	We take the cross-product with k
	
	----------------------------------------- =
	and since
	the well-known dispersion equation for electromagnetic waves in free space. The - sign relates to waves travelling in the opposite direction, i.e.
	We restrict ourselves here to the positive sign. The magnetic field is given by
	---------------
	=  --------------
	B = ---------------- cos k 
	c

	is now real, then
	The average of
	over a period (T
	------- 2
	and
	----- (2)
	dt


	Conservation of energy
	There are a number of constants of the motion. First, the energy:
	p  -----    =  0
	dt
	dt (1)
	dt (2)
	dt (3)

	is conserved and 
	---- p  --- = -----  --- =  ------ ---    p  B  = 0
	dt B dt B m B

	is conserved
	is the component of momentum parallel to the magnetic field.
	and since 
	where 
	----- =
	dt

	In component form:
	d p
	q
	q (1)

	---------
	dt

	= ---------
	= Gyrofrequency
	q
	dt

	The parameter 0
	Negatively charged particles (in particular, electrons):
	We have another constant of the motion:
	where
	1
	------
	cos
	This represents motion in a helix with
	------------------
	The motion is clockwise for
	In vector form, we write:
	0 0 1
	=  –-------------
	In gravitational potential theory:
	where (1)
	is the mass density.
	= –----------------------
	where  x – the solution
	is the three dimensional delta function. When there are no boundaries, this equation has
	=  --------------
	The general solution of the electrostatic Poisson equation is then
	=  ----------- 
	----------------d3 x
	For completeness, the solution of the potential for a gravitating mass distribution is:
	-----------------d3 x

	Green’s function for the wave equation
	In the Lorentz gauge the equation for the vector potential is:
	-----
	and the equation for the electrostatic (scalar) potential is
	These equations are both examples of the wave equation
	When time is involved a “point source” consists of a source which is concentrated at a point for an instant of time, i.e.
	where A
	In the case of no boundaries, the Green’s function for the wave equation satisfies:
	 
	 ----- –
	
	The relevant solution (the retarded Green’s function) is:
	-----------------------t  – t – 
	The significance of the delta function in this expression is that a point source at
	will only con-
	when
	+ ----------------
	c

	----------------
	c

	t x had to have been emitted at a time
	= t – ----------------
	c

	=  ------ dt  -------------------t – ---------------- d x

	The vector and scalar potential
	Using the above Green’s function, the vector and scalar potential for an arbitrary charge and current dis- tribution are:
	---------------------------------------------------------------------d x
	-----------
	------------------------------------------------------------------------d x
	where v
	is the position of the charge at time
	is the relevant parameter in front of the delta function since
	Also, the velocity of the charge
	so that
	dt

	With the current and charge expressed in terms of spatial delta functions it is best to do the space inte-
	 -------------------------------------------d
	 ------------------------------------------------------------------------------------d x
	– ------------------------
	c

	=  ------------------------------------------------------
	One important consequence of the motion of the charge is that the delta function resulting from the space
	t – ------------------------
	c

	We can now complete the solution for
	by performing the integration over time:
	– ------------------------ (1)
	c

	----------- (1)
	This equation is not as easy to integrate as might appear because of the complicated dependence of the
	Some care is required in calculating Consider
	dg

	=  ------------------------
	where
	is the value of t
	Differentiating this with respect to
	dg t

	1 + 
	------------------------
	c

	in tensor notation:
	
	Differentiating the tensor expression for
	gives:
	Hence,
	The derivative of
	is therefore:
	= –--------------------------------------------
	= –-------------------------------------------- (1)
	t------------------------
	=  1 – --------------------------------------------------
	=  ----------------------------------------------------------------------------------
	Hence the quantity
	which appears in the value of the integral is
	----------------------------------------------------------------------------------
	Thus, our integral for the scalar potential:
	– ------------------------
	q

	= ----------- ---------------------------------------------------------------------------  ------------------------
	– --------------------------------------------
	c

	= ----------- ---------------------------------------------------------------------------
	– -------------------------------------------- (1)
	c

	We also often use this equation in the form:
	t – ------------------------ (1)
	c

	t  + ------------------------      =  t
	c

	The unit vector in the direction of the retarded position vector is:
	The relativistic 
	=  ------------
	c

	----------- ---------------------------------------------------------------------------
	q

	1
	– -------------------------------------------- (2)
	c

	=   ---------------- -----------------------------------
	which becomes extremely
	in the numerator.
	--------- ---------------------------------------------------------------------------
	– -------------------------------------------- (3)
	c

	=     ---------------- ----------------------------------- =
	This is useful when for expressing the magnetic field in terms of the electric field.
	The potentials depend directly upon x
	through the dependence upon
	with respect to both t

	Expression for
	Since,
	+ ------------------------ = t
	c

	------
	by differentiation of this implicit equation.
	 ------ + --------------------------  –------------ ------ = 1
	Solving for
	1 – --------------------------------------------
	------ = 1
	t
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	--------------------------------------
	1
	------------------------------
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	Again differentiate the implicit function for
	------- + ----------------------------- – ----------------------------------------------------  ------- = 0
	t

	1 – ------------------------------------
	+ --------------------------- = 0
	 -------
	--------------------------------------------------------------------------
	= –---------------------------
	 ------- =
	i.e. or
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	=  –--------------------------------------
	=  –------------------------------
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	via the dependence on t
	=  ∂ 
	+ 
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	--------
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	-------- =
	-------- (1)
	-------- -------
	+ ijk ------- ---------
	
	= 
	x

	------ (1)
	------ (2)
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	Electric field
	The calculation of the electric field goes as follows. Some qualifiers on the partial derivatives are omitted since they should be fairly obvious
	E  =  –  – ------     =  –   t – tt – -------------------------------
	t  ˙ t
	1 n – 
	1
	Other useful formulae to derive beforehand are:
	------
	In differentiating
	------------------------------
	---------------------
	–------------------- -----------------------------
	------------------- -------------------------------------------------------------
	E = ------------------- -------------------------------------------------------------------------------------------------------------------------------
	The immediate point to note here is that many of the terms in this expression decrease as r–2 . However,
	----------------- -------------------------------------------------------------------------

	Magnetic field
	We can evaluate the magnetic field without going through more tedious algebra. The magnetic field is given by:
	where
	Now the first term is given by:
	---------------------
	n  ------
	curl
	and we know from calculating the electric field that
	=  –------------------- -----------------------------
	= n – 
	Hence, we can write the magnetic field as:
	Compare the term in brackets with
	x

	– ------
	Since
	This equation holds for both radiative and non-radiative terms.
	------------------------------
	We restrict attention to the radiative terms in which
	For the radiative terms,
	----------------- ----------------------------------------------------------------------------------------------- = 0
	This can be understood in terms of equal amounts of electric and magnetic energy density (0  2E2 )
	in the expression
	contribution to the electric field is large; this oc-
	n , then
	=  1 – 1–--------–-----
	=  --------   + -----     =  --------1 +    
	So you can see that the minimum value of 1 –   n
	(and higher) is often the case.
	are appropriate axes in the plane of the wave. (Note that in general we are not dealing
	The condition that
	be real is that
	Note: We do not use a different symbol for the Fourier transform, e.g. E˜ . The transformed variable is indicated by its argument.
	• Consider a pulse of radiation

	The energy per unit time per unit area of a pulse of radiation is given by:
	------------ =
	dtdA

	are the components of the electric field wrt (so far arbitrary) unit vectors e1
	in the plane of the wave.
	---------------
	dA

	------
	The integral from –
	 =
	so that
	The total energy per unit area in the pulse, associated with the 
	dW

	-------
	(The reason for the
	which comes
	2d. This factor, of course, is not evaluated here since the pulse has an arbi-
	--------------- =
	------- E 2
	represents the energy per unit area per unit circular frequency in the entire pulse,
	------------------- =
	dAddt

	This is equivalent to integrating the pulse over, say several periods and then dividing by the length of time involved.
	-------------------
	dAddt

	The quantity
	-------------------- =
	-------------
	(Summation not implied)
	The definition of I 
	1
	We have calculated above the emissivities,
	-------------------- = (1)
	(Summation not implied) (1)
	dW

	------- (1)
	and these are the emissivities related to the components of the polarisation tensor
	In general, therefore, we have
	dW
	dW (1)
	dW (2)

	1 (1)
	2
	2 (1)
	2 (2)
	dW

	-------------1---2----  Emissivity for
	2 (3)
	   =  --------------------   + --------------------
	   =  --------------------   – --------------------
	Also, for Stokes U
	 =  -------------------- + -------------1---2----
	  =  i --------------------  – -------------1---2 
	Note the factor of r2
	E –vector of the
	sions for emissivity.
	* are independent of r , consistent with the above expres-
	-------------- ------------------------------------------------
	1 –   n3
	c

	The Fourier transform involves an integration wrt t . We transform this to an integral over t
	--------------dt =
	using the results we derived earlier for differentiation of the retarded time. Hence,
	q

	 n  n –   ˙ 
	= --------------
	1 –   n2
	exp
	c

	then we expand r
	--------
	= --------------------------------
	=  –----  at X = 0
	r

	r
	Note that it is the unit vector n =
	r
	c

	  exp
	c

	--------
	c

	since the leading term is eventually unimportant.
	------------------------------------------------
	by also expanding in powers of
	= ----------------------------
	= ---- +
	r

	----------------------------
	x

	ij  + -------------------------------------------
	-----
	r

	is of order X  r , i.e. of order the ratio the dimensions of the distance
	------------------------------------------------ (1)
	= --------------------------------------------
	------ ----------------------------       =  --------------------------------------------
	1 –   n
	--------------e
	One can integrate this by parts. First note that
	since we are dealing with a pulse. Second, note that,
	------ exp
	dt

	= exp
	 i1 –   n
	--------------
	In order to calculate the Stokes parameters, one selects a coordinate system (e1
	e2 ) in which this is
	in the integrand.




